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ABSTRACT
A comprehensive analysis tool (RMAC) is developed and validated for use on small-scale multi-rotor aircraft. RMAC
can model multicopters with arbitrary rotor number, orientation, and position as a 6-DOF rigid-body dynamic system.
Several induced-flow models, from momentum-theory to vortex-wake are available for rotor aerodynamic analysis,
and rotor dynamics can optionally be modeled using the Hodges-Dowell equations. RMAC is capable of determining
trim conditions, as well as generate linear models and provide nonlinear simulation in Simulink. Isolated rotor loads
are validated against experimental data, with hover loads predicted as well as the analysis tool CAMRAD II. In forward
flight, trends are captured well by RMAC. Predictions of the linear dynamics of the University of Portland Hexacopter
are compared against experimental data, with adequate accuracy for the development of linear feedback controllers.

NOTATION

Acronyms
CG Center of Gravity
DOF Degree of Freedom
eVTOL Electric Vertical Takeoff and Landing
RMAC Rensselaer Multicopter Analysis Code
RHS Right-Hand-Side
Symbols
c� Cosine Function
CT Thrust Coefficient
~D f Fuselage Drag
EA Blade Axial Stiffness
EI Blade Flexural Stiffness
~Fj Force Vector of rotor j, acting at its hub
I Aircraft Inertia Tensor
kx,ky Longitudinal and Lateral Inflow Slope
L� Wake Influence Coefficient Matrix
M� Peters-He Mass Matrix
~M j Moment vector of rotor j, about its own hub
p,q,r Aircraft Angular Velocity Components (Body

Frame)
~r Displacement Vector from aircraft CG
BRA Rotation Matrix from Frame A to Frame B
s� Sine Function
t� Tangent Function
T Axial tension in rotor blade
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u,v,w Aircraft Velocity Components (Body Frame)
U,V,W Axial, In-plane, and out-of-plane elastic blade

deformation
~V Linear Velocity Vector
x,y,z Aircraft Position
X Aircraft State vector
α Peters-He Inflow State
θb Local Blade Pitch
λ Inflow Ratio
µ Advance Ratio V/ΩR
ρ Ambient Density
τ Peters-He Forcing Function
φ m

n Peters-He Inflow Polynomial Shape Function
φ ,θ ,ψ Aircraft Roll, Pitch, Yaw Attitude
χ Wake Skew Angle
~ω Angular Velocity Vector
Left Superscripts
B Body Reference Frame
H Hub-Wind Reference Frame
I Inertial Reference Frame
Right Superscripts
m Peters-He Harmonic Number
s, c Sine/Cosine
Right Subscripts
n Peters-He Polynomial Number
x,y,z Direction of vector component
HD Hodges-Dowell
PH Peters-He
RB Rigid Body
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INTRODUCTION

Electric Vertical Takeoff and Landing (eVTOL) aircraft have
generated an enormous amount of interest in recent years,
with low barriers to entry enabling start-ups (Refs. 1–4) and
large companies, both new to VTOL (Refs. 5, 6) and those al-
ready established in the field (Refs. 7, 8) to produce designs
and prototypes. Much of this interest is associated with Uber
Elevate (Ref. 9), which seeks to provide an air-taxi service be-
tween cities and their suburbs. The NASA Urban Air Mobility
Grand Challenge (Ref. 10), which seeks to integrate vehicles
and airspace management to enable large-scale eVTOL opera-
tions within cities, is also a driving factor in eVTOL research.

Within the community of controls engineering, a lot of work
has been done on multicopters. For their work, these re-
searchers have relied on simple models to predict the forces
and moments produced by the rotors. For the most part, these
studies rely on the Ω2 model (Eq. 1) (Refs. 11,12), where the
thrust and (magnitude of) the torque produced by the rotor are
proportional to the square of the rotor rotational speed. The
proportionality constants are usually obtained experimentally
via static thrust tests (Ref. 13). This model, while accurate for
hover, ignores the drag, side force, and pitching and rolling
moments that are produced in forward flight.

Thrust = aΩ
2

Torque = bΩ
2⇒ Power = bΩ

3 (1)

As eVTOL aircraft become more widespread, physics-based
analyses are increasingly necessary to predict performance
and design control laws, and to design an aircraft that can
safely execute a mission. At the high-end of fidelity is Com-
putational Fluid Dynamics (CFD), which numerically solve
conservation equations (usually Navier-Stokes) in a fluid do-
main around a rotor. CFD has been applied to eVTOL to iden-
tify complex aerodynamic interactions, such as those between
the rotors and the fuselage (Ref. 14), and between the rotors
themselves (Ref. 15). These analyses, though they are very
accurate and can capture extremely complex flow features,
require many hours on hundreds or even thousands of CPU
cores to produce a prediction at a single condition.

Lower fidelity models use simplified physics to capture most
of the physical phenomena at little computational expense.
For helicopters, models are usually based on blade element
theory (Ref. 16), which calculates aerodynamic forces on 2-
dimensional sections along the blade, and integrates to find the
total load. These techniques are extensively used in conven-
tional VTOL design; some common tools are the Rotorcraft
Comprehensive Analysis System (RCAS) (Ref. 17), Compre-
hensive Analysis Modeling for Rotorcraft Aerodynamics and
Dynamics II (CAMRAD II) (Ref. 18), and the University of
Maryland Advanced Rotorcraft Code (UMARC) (Ref. 19).
These codes are well-established for, but are tailored to, con-
ventional helicopters, which have some key differences to
multicopters. In particular, these codes often assume a fixed
RPM for their rotors, as well as the presence of cyclic pitch

controls and flapping hinges or flexures. Multicopters gener-
ally operate on the assumption that the rotors are fixed-pitch,
and use their speed to regulate the forces and moments on the
aircraft.

This paper presents a new comprehensive analysis model,
specifically designed to analyze multicopters, the Rensselaer
Multicopter Analysis Code (RMAC). Like other models, it
uses simple physics to generate predictions of the perfor-
mance and dynamic behavior of multicopters. RMAC is capa-
ble of conducting trim analysis, generating linear models for
control design, and fully nonlinear simulation in Simulink.
This paper will begin with an overview of the modeling op-
tions available within RMAC, and will be followed by val-
idation of the code for isolated rotor loads in hover and for-
ward flight, and finally a validation of the linearized dynamics
against flight data.

AIRCRAFT DEFINITION

An aircraft model can be defined in two ways in RMAC: di-
rectly through an ASCII file, or through a Graphical User In-
terface (Fig. 1). Within this GUI, several geometric parame-
ters of the aircraft can be defined, and a preview of the aircraft
is illustrated. The GUI currently only allows the creation of
a regular multicopter, which is defined as a multicopter with
an even number of identical rotors (except for spin direction)
arranged in a regular n-gon, though through the ASCII file,
an arbitrary multicopter can be defined. The number of ro-
tors, their radius, length of the booms to which they are at-
tached, and the rotor hubs’ vertical displacement from the air-
craft center of gravity are all defined in this GUI. Addition-
ally, whether the aircraft operates edge-first (with two rotors
leading the aircraft) or vertex-first (with one) and whether ro-
tor 1 (the front-most starboard rotor for edge-first, front rotor
for vertex-first configurations) spins clockwise (colored red)
or counterclockwise (colored blue). Finally, the orientation of
the rotors (using multi-rotor coordinates as in (Ref. 20)) can
be defined in a pop-up window.

The rotor geometry GUI (Fig. 2) can be accessed by click-
ing the ”Rotors” tab on the Aircraft Geometry GUI. Here, the
rotor geometry can be defined in detail, and a top-down pre-
view of the rotor is provided. The number of blades, effec-
tive root cut-out (inboard of which no aerodynamic loads are
modeled), and the radius can be defined on this window. Ad-
ditionally, the chord can be defined as an arbitrary piecewise
linear distribution. Local values of chord can be defined ei-
ther in absolute terms, or in terms of solidity. If the latter is
chosen, the chord is scaled as the number of blades or rotor
radius change. Similarly, the twist and airfoil distributions are
defined as piecewise linear.

Rotors and aircraft can be saved or loaded as ASCII files by
clicking the ”Save” or ”Load” buttons on their respective win-
dows. Aerodynamic model parameters (currently restricted to
the induced flow model only) are defined in the ”Model” tab
visible in Figs. 1 and 2. Upon closing the window, the user is
prompted to save the aircraft and model parameters into a case
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file, which allows RMAC to load the ASCII files generated by
the GUI.

AIRCRAFT DYNAMICS MODEL

An arbitrary multicopter is modeled as a 6DOF, second-order
dynamic system. Linear and angular accelerations are cal-
culated by summing forces and moments acting on the air-
craft. The six states of this model are a three-dimensional
position, and three Euler angles, describing a 3-2-1 rotation
from a fixed, North-East-Down reference frame (referred to as
the inertial frame), and a body-attached reference frame, illus-
trated in Fig. 3. The direction cosines matrix used to express
vectors defined in the inertial frame in the body frame is given
by Eq. 2. The inverse of this rotation matrix is its transpose,
which is used to express vectors defined in the body frame in
the inertial frame.

IRB =

 cθ cψ cθ sψ −sθ

sφ sθ cψ − cφ sψ sφ sθ sψ + cφ cψ sφ cθ

cφ sθ cψ + sφ sψ cφ sθ sψ − sφ cψ cφ cθ

 (2)

BRI = (IRB)T

RMAC allows rotors to be oriented arbitrarily relative to the
fuselage. To simplify rotor aerodynamic analysis, an addi-
tional reference frame is defined at the hub of each rotor, as
illustrated in Fig. 4. In the hub reference frame, the negative
z-axis is aligned with the rotor thrust, and the positive x-axis is
oriented such that the relative wind contains no y-component.

By introducing six kinematic equations, the 6-state, second-
order rigid body dynamics can be expressed as an identical 12-
state, first-order dynamic system. The rigid-body state vector
is given by Eq. 3. The position of the aircraft in the iner-
tial reference frame is defined by the states (x,y,z), and the
attitude is defined by the states (φ ,θ ,ψ). The states (u,v,w)
are the x-, y-, and z-components of the velocity in the body
reference frame, and finally (p,q,r) are the angular velocity
components in the body-attached reference frame. The kine-
matic equations of motion are given by Eqs. 4 and 5, which
define the evolution of the position and orientation of the air-
craft, respectively. Due to the choice of Euler angles, there is
a singularity in Eq. 5 at θ = ±90◦. This singularity prevents
RMAC from simulating extremely aggressive pitch maneu-
vers.

XRB =
[
x y z φ θ ψ u v w p q r

]T (3)

ẋ
ẏ
ż

= IRB

u
v
w

= IRB · B~V (4)

φ̇

θ̇

ψ̇

=

1 sφ tθ cφ tθ
0 cφ −sφ

0 sφ/cθ cφ/cθ

p
q
r

 (5)

The derivatives of the linear velocity states are given by Eq.
6. The first two terms on the RHS in Eq. 6 represent gravity
and fuselage forces (treated as a point force at the center of
pressure of the aircraft, displaced from the C.G. by B~rD), re-
spectively. The summation on the RHS represents the forces,
including thrust, drag, and side force, produced by each rotor
on the aircraft. The final term represents the Coriolis force, as
the body-frame is non-inertial.

m

 u̇
v̇
ẇ

= mg(BRI · I ẑ)+B~D f +
nrotors

∑
j=1

B~Fj−m
(

B~ω×B~V
)

(6)

The angular dynamics are given by Eq. 7. On the RHS, the
first term is the moment produced by aerodynamic forces on
the fuselage, the final term is the gyroscopic moment, and the
summation term accounts for both the aerodynamic moments
evaluated at the hub of each rotor (~M j) and the force-induced
moments about the C.G.

BBI

ṗ
q̇
ṙ

= B~rD× B~D f +
nrotors

∑
j=1

(
B ~M j +

B~r j× B~Fj

)
− B~ω× BBI · B~ω (7)

Rotor Model

Blade Element Theory ( (Refs. 16, 21) is used to determine
the aerodynamic loading on each rotor. Essential to the ac-
curate calculation of lift and drag is an appropriate induced-
flow model. RMAC includes several options for induced-flow
models, including finite-state dynamic wake and vortex-wake
models, the implementation of which are detailed in this sec-
tion. Simpler, less expensive, momentum-theory based mod-
els are also available in RMAC.

Momentum Theory-Based Inflow The simplest inflow
model available in RMAC is a uniform inflow model, with the
mean value of the inflow following Eq. 8, where µz and mux
are, respectively, the components of the freestream velocity
normal to (positive for descent) and in the plane of the rotor,
normalized by the hover tip speed. The Drees linear inflow
model, represented by Eq. 9 is also implemented in RMAC,
but is not recommended for fixed-pitch multicopters (Ref. 22).
Tip losses are modeled using the Prandtl tip loss function,
scaling the lift produced by Eq. 10.

λ =−µz +λ0 =−µz +
CT

2
√

µ2
x +λ 2

(8)

λ (r̄,ψ) = λ0(1+ kxr̄ cosψ + kyr̄ sinψ)

kx =
4
3

(
1− cos χ−1.8µ2

sin χ

)
ky =−2µ

χ = atan2(µx,−µz +λ0)

(9)
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F =

(
2
π

)
cos−1

(
e− f
)

f =
Nb

2

(
1− r

λ

) (10)

Finite State Dynamic Wake The finite state dynamic wake
model implemented in RMAC is the generalized Peters-He
model (Ref. 23). Fundamentally, this model is a Galerkin
method applied to the linearized Euler equations, with an as-
sumed skewed cylindrical wake structure. The number of
modes taken is determined by two parameters mmax, which
represents the maximum harmonic number in the shape func-
tions, and nmax, which determines the highest-order polyno-
mial in the radial direction. The induced flow distribution
(normalized by rotor tip speed ΩR) as a function of the ra-
dial and azimuthal locations on the rotor are given by Eq. 11,
where αmc

n and αms
n are the dynamic states of the rotor wake,

and are unique to each rotor. For m = 0, αms
n has no effect on

the induced flow (sin0 = 0), and is excluded from the model.

λ (r̄,ψ) =
mmax

∑
m=0

nmax

∑
n=m+1,m+3,···

φ
m
n (r̄)

(
α

mc
n cosmψ +α

ms
n sinmψ

)
(11)

The dynamic equations take the form of Eq. 12, where the ?
operator represents a derivative with respect to time, normal-
ized by the rotor speed Ω. The matrices M and L are available
in closed form in (Ref. 23). τ represents the aerodynamic
forcing, and is calculated from the rotor circulatory lift by Eq.
13. Eq. 12 is repeated for each rotor, which generally have
unique inflow states. The state vector for the inflow is given
in Eq. 14

[
Mc 0
0 Ms

]
?

αc

?
αs

+[V ]

[
Lc 0
0 Ls

]−1{
αc

αs

}
=

{
τc

τs

}
(12)

τ
mc
n =

{
1

2π ∑
nblades
q=1

∫ 1
0

Lq
ρΩ2R3 φ 0

n (r̄)dr̄ m = 0
1
π ∑

nblades
q=1

∫ 1
0

Lq
ρΩ2R3 φ m

n (r̄)dr̄ cos(mψq) m > 0

τ
ms
n =

1
π

nblades

∑
q=1

∫ 1

0

Lq

ρΩ2R3 φ
m
n (r̄)dr̄ sin(mψq)

(13)

XPH =
[
αcT

1 αsT
1 αcT

2 αsT
2 · · · αcT

N αsT
N
]T (14)

When performing trim analysis, τ is averaged over a rotor rev-
olution, and Eq. 12 is solved such that

?
α = 0. Mathematically

speaking, this is identical to performing a harmonic balance
with only a steady component. Tip losses are again modeled
using Eq. 10. Because the aerodynamic forcing is a func-
tion only of the rotor’s own lift, each rotor’s inflow dynamics
are decoupled when this model is used. This simplifies the
dynamics, but neglects rotor-rotor interference effects, which
are known to be significant in forward flight (Refs. 15, 24).

Vortex Wake Both a prescribed wake and free wake model
are implemented in RMAC. Since the Biot-Savart Law allows
the computation of induced velocities anywhere in space, they
can be used to model rotor-rotor interference, at the expense
of relatively large computational effort, particularly for free-
wake models. For the prescribed wake model, a rigid, helical
wake geometry is assumed, while for the free-wake, the in-
stantaneous geometry of the wake is used to calculate local
velocities, which is used to evolve the geometry over time. In
both of these models, the strength of the vortices is a function
of the circulation bound in the rotor blades, which is calcu-
lated using lifting-line theory. Tip losses are directly modeled
when vortex wake methods are used, so no additional tip loss
model is necessary.

To solve the equations introduced by prescribed wake (vortex
strength) and free wake (vortex strength and geometry), two
basic approaches are used: time-accurate (Ref. 25) relaxation
methods (Ref. 26). In the former, the equations of motion for
the rotor wake geometry are directly integrated, which allows
the model to capture not only steady-state operation, but ma-
neuvers or other unsteady phenomena. The latter approach
assumes periodicity (with a period equal to one rotor revolu-
tion) in the rotor wake, which allows a fixed-point iteration
scheme to capture the geometry of the rotor (at lower com-
putational cost than time-accurate methods), but restricts the
model to steady-state operation. Because the rotors of a multi-
copter generally operate at different rotational speeds, the in-
terference effects between rotors will vary from revolution to
revolution as the relative phase of the rotors changes. Though
the conditions are still technically periodic, it is possible to
implement relaxation methods in steady operation, but the pe-
riod is prohibitively long. Thus, time accurate methods are
used for free-wake in RMAC.

Blade Dynamics Model The nonlinear elastic blade model
of Hodges and Dowell (Ref. 27) is implemented in RMAC,
and the equations of motion, neglecting elastic torsion, are
given in Eqs. 15-17. The Hodges-Dowell equations are sim-
plified by the assumption that the elastic axis, tensile axis, and
locus of mass centroids are coincident. The constitutive equa-
tion relating the tension in the blade and the deformation is
given by Eq. 18. Because the dynamics in axial extension are
higher-order Eqs. 15 and 18 can be used to solve for carried
tension, T , and axial displacement, U , in terms of in-plane
displacement, V , and out-of-plane displacement, W .

−T ′−m(Ω2r+2ΩV̇ ) = 0 (15)

− (TV ′)′+
{(

EIz cos2
θb +EIy sin2

θb
)
V ′′

+
(
EIz−EIy

)
cosθb sinθbW ′′

}′′
+2mΩu̇+mV̈ −mΩ

2V = LV (16)
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− (TW ′)′+
{(

EIz +EIy
)

cosθb sinθbV ′′

+
(
EIz sin2

θb +EIy cos2
θb
)
W ′′
}′′

+mẄ = LW (17)

T = EA
{

U ′+
V ′2 +W ′2

2

}
(18)

The partial differential equations are discretized in space us-
ing the Galerkin method, where

W (r̄, t) =
nW

∑
i=1

φi(r̄)qW,i(t)

V (r̄, t) =
nV

∑
i=1

φi(r̄)qV,i(t)

(19)

The functions φi are chosen to satisfy the clamped-free bound-
ary conditions, and to be orthogonal to one another with re-
spect to the L2 inner product, or, expressed mathematically,

φi(0) = 0 φ
′′
i (1) = 0

φ
′
i (0) = 0 φ

′′′
i (1) = 0

φi(1) = 1∫ 1

0
φi(r̄)φ j(r̄)dr̄ = 0 i 6= j

(20)

Substituting Eq. 19 into Eqs. 16 and 17, and manipulating
into the Galerkin form results in a system of second-order or-
dinary differential equations of the form Eq. 21, where all
of the nonlinear terms are included in the forcing. Eq. 21 is
solved for each rotor in equilibrium using a harmonic balance,
assuming that the deflections are periodic over one rotor revo-
lution. In dynamic simulation, the second-order ODEs are re-
cast into first-order ODEs by introducing kinematic variables
(Eq. 22).

[
Mvv Mvw
Mwv Mww

]{
q̈V
q̈W

}
+

[
Kvv Kvw
Kwv Kww

]{
qV
qW

}
=

{
FV
FQ

}
(21)

{
q̇V
q̇W

}
=

{
vV
vW

}
{

v̇V
v̇W

}
=
[
M
]−1

[{
FV
FQ

}
−
[
K
]{qV

qW

}] (22)

The dynamic states associated with the Hodges-Dowell elas-
tic deformation are expressed in individual blade coordinates
(Ref. 28), and for N-bladed rotors are given by Eq. 23.

XHD =
[
qT

V,1 qT
W,1 vT

V,1 vT
W,1 · · · vT

W,N
]T

(23)

Rotor Rotational Dynamics In order to convert between
multi-blade and individual blade coordinates, the azimuthal
position of each rotor blade must be tracked, and kinematic
equations must be introduced (Eq. 24). Because the rotor
speeds can change dramatically throughout flight, Eq. 24
must be integrated numerically along with the kinematic and
dynamic states of the aircraft.

ψ̇k = Ωk(t) (24)

If desired by the user, RMAC can model the rotational dynam-
ics of the rotor by conservation of angular momentum, Eq. 25,
where Ik is the inertia of rotor k, and Qk is the torque applied
by its motor. If rotational dynamics are included, the torque is
used as a control input, while if they are neglected, the rotor
speed Ω is used directly to control the aircraft.

Ω̇k =
1
Ik
(Qn−Qaero,k) (25)

Dynamic Equations of Motion

The dynamic equations of motion for the multicopter take the
form of Eq. 26, where f and g are vector-valued dynamic
equations and output equations, respectively. f is a concate-
nation of Eqs. 6, 7, 12, 22, 24, and 25, or a subset of these, as
desired by the user.

Ẋ = f (X ,u)

y = g(X ,u)
(26)

TRIM ALGORITHM

To determine equilibrium, the output function g is defined to
output the linear and angular accelerations, and any other al-
gebraic equation that must be satisfied. As examples, the dif-
ference between assumed Fourier coefficients in the elastic
blade model (used to calculate aerodynamic loads) and actual
response (from Eq. 21), or consistency between the thrust co-
efficient used to solve Eq. 8 and the thrust produced by the
rotor. To solve the six rigid-body equilibrium equations, four
primary control inputs (Ref. 29) and the roll and pitch atti-
tudes are used can be used as output equations.

A Newton-Raphson method is used to determine equilibrium
conditions. First, a value for xe and ue is assumed, and the out-
put function is evaluated. Next, xe and ue are updated by Eq.
27, where Jx and Ju are given by Eq. 28. The operator denoted
by the superscript + is the Moore-Penrose pseudoinverse for
underdetermined systems, Eq. 29. For an invertible matrix,
J+ = J−1. The matrices Jx and Ju are determined numerically
by forward difference.

{
X (n+1)

e

u(n+1)
e

}
=

{
X (n)

e

u(n)e

}
−
[
JX Ju

]+ g(X (n)
e ,u(n)) (27)
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JX ,i j =
∂gi

∂X j
Ju,i j =

∂gi

∂u j
(28)

J+ = JT (JJT )−1 (29)

Iteration of the Newton-Raphson loop is terminated when ei-
ther of two criteria is met. The first is an absolute tolerance
on the 1-norm of g. The other is a relative (to the input size)
tolerance on the update step. If the error is sufficiently small
(default value of 10−6) or the update step is small (default
value 10−2), the trim loop terminates successfully. To avoid
infinite loops, the solution procedure will terminate if a max-
imum number of iterations (default 50) are performed, with a
flag indicating that the solution was unsuccessful. To improve
the stability of the algorithm, a relaxation parameter (default
0.5) is used to reduce the update step.

LINEAR FLIGHT DYNAMICS MODELING
Upon determining an equilibrium point, the dynamics can be
linearized numerically into the form of Eq. 30, where A, B,
C, and D are given by Eq. 31, and x and u now represent de-
viations from the equilibrium point (xe,ue). All matrices are
estimated by applying a two-point centered difference sten-
cil to f and g. The eigenvectors of A represent the dynamic
modes of the bare airframe, and their associated eigenvalues
indicate their stability and damping.

Ẋ = AX +Bu

y =CX +Du
(30)

Ai j =
∂ fi

∂X j
Bi j =

∂ fi

u j

Ci j =
∂gi

∂X j
Di j =

∂gi

∂u j

(31)

To simplify the linear dynamics, states that are well-damped
and high frequency can be removed from the model through
static condensation. For this, x is partitioned into two com-
ponents, one corresponding to “fast” dynamics (such as the
inflow dynamics), and one corresponding to “slow” dynamics
(such as the rigid body dynamics). Eq. 30 becomes Eq. 32.
To apply static condensation, assume Ẋ f = 0. This assump-
tion allows the second row of Eq. 32a to be solved for X f (Eq.
33). Substitution into the first half of Eq. 32a and Eq. 32b
yields the reduced system 34.{

Ẋs
Ẋ f

}
=

[
Ass As f
A f s A f f

]{
Xs
X f

}
+

[
Bs
B f

]
u (32a)

y =
[
Cs C f

]{Xs
X f

}
+Du (32b)

X f =−A−1
f f (A f sXs +B f u) (33)

Ẋs = (Ass−As f A−1
f f A f s)Xs +(Bs−As f A−1

f f B f )u

y = (Cs−C f A−1
f f A f s)Xs +(D−C f A−1

f f B f )u
(34)

VALIDATION

Isolated Rotor

RMAC-generated predictions of the steady-state loads of iso-
lated rotors have been compared to other, similarly complex
codes, such as CAMRAD II (Ref. 18), and the higher-order
computational fluid dynamics code AcuSolve (Ref. 30), as
well as experimental data.

SUI Endurance The Straight-Up Imaging (SUI) Endurance
(Ref. 31) is a 3.2kg quadcopter driven by four, 15-inch pro-
pellers. The chord and pitch distribution of this propeller
were obtained from are given in Fig. 5. Figures 6 and 7
respectively show the thrust predicted with several model-
ing tools versus the rotor speed in RPM. Both the CAM-
RAD II and experimental data are sourced from Russel et.
al (Ref. 32), from which the SUI rotor geometry and 2D
aerodynamic tables are sourced. Also included in Figs. 6
and 7 are results from the finite-element CFD code Acu-
Solve (Ref. 15), and from the finite-volume CFD code OVER-
FLOW (Ref. 14). RMAC predicts the thrust as reliably (within
4%) as CAMRAD II with vortex-wake methods predicting the
rotor-induced flow, though both codes overpredict the thrust
(RMAC by 13.7%, and CAMRAD by 9.1-16.4% at 4500
RPM), relative to high-order CFD and experiment. The pre-
dicted aerodynamic torque in hover is plotted against rotor
speed in Fig. 7. As with thrust, RMAC overpredicts the
torque (by 32.0% at 4500 RPM), relative to experiment, simi-
lar to CAMRAD (which overpredicts torque by 37.7% at 4500
RPM). CAMRAD and RMAC predict the same torque within
5% at most speeds. AcuSolve offers a better prediction of
rotor torque, and OVERFLOW produces results similar to
RMAC.

Russell et. al also performed wind tunnel experiments on
the SUI Endurance rotor, and the conditions are available
(Ref. 32). The wind tunnel speed was set to 6.1 m/s (20 ft/s)
and the rotor speed was varied from 2000 RPM to 4500 RPM.
This test was repeated for rotor orientations between 0◦ and
20◦ nose-down. These conditions were replicated in RMAC,
and the results are shown in Figs. 8-10. As in hover, thrust
(Figs. 8c-10c) and torque (Figs. 8f-10f) are overpredicted,
though differences become smaller as the nose-down attitude
increases. Drag (Figs. 8a-10a) predictions are very similar to
the experimental data, and well within the (admittedly large)
error bars in the experimental data, especially at low rotor
speeds. Side force (Figs. 8b-10b) is consistently underpre-
dicted in all conditions. Rolling moment (Figs. 8d-10d) are
also reasonably well-predicted.

AeroQuad Cyclone The AeroQuad Cyclone was a commer-
cially available almost-ready-to-fly quadcopter kit. It has a
gross weight of 2kg, and is driven by four, 12-inch diameter
rotors. This rotor was modeled in AcuSolve (Ref. 15) at sev-
eral rotational speeds, and the geometry is given in Fig. 11.
The conditions of the simulation are summarized in Table 1.
The overall forces and moments for these rotors are tabulated
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in Table 2. Thrust and torque are predicted within 1.3% and
4.3% of the CFD predictions, respectively, while pitch and roll
are underpredicted by larger margins. The thrust and torque
distribution on the rotor disk are plotted in Figs. 12 and 13, re-
spectively. As expected, the lift on the advancing (right in Fig.
12) side of the rotor disk is greater than that on the retreating
(left) side of the rotor disk, due to the absence of longitudi-
nal cyclic pitch. Additionally, greater lift is predicted by both
RMAC and AcuSolve on the front (top) of the rotor than on
the rear (bottom), due to the longitudinal inflow distribution
in forward flight (Ref. 22). The torque coefficient distribu-
tions predicted by RMAC and AcuSolve are also qualitatively
similar.

Table 1: AeroQuad Cyclone simulation conditions

Parameter Value (Unit)
Rotor Speed 4495 (RPM)
Wind Speed 10 (m/s)

Rotor Angle of Attack 5 (degrees, nose-down)

Table 2: AeroQuad Cyclone rotor loads at 4495 RPM, 10 m/s,
and 5◦ nose-down attitude

Load (Units) AcuSolve RMAC %Error
Thrust (N) 6.25 6.33 +1.3%

Torque (Nm) 0.0930 0.0890 -4.3%
Pitch Moment (Nm) 0.115 0.105 -8.7%
Roll Moment (Nm) 0.128 0.106 -16.9%

Aircraft Dynamics

University of Portland Hexacopter The University of Port-
land (UP) Hexacopter (Fig. 14) is a 3.4lb hexacopter with
10-inch diameter rotors. System identification was performed
on this hexacopter using CIFER (Ref. 33), and the dynamic
models in hover and forward flight are compared in (Ref. 34).

In order to compare the models produced by RMAC to those
identified using CIFER, the inputs and outputs must be on the
same scale. The inputs used in the CIFER-identified model
are pilot stick inputs, normalized on a scale of [0,1] for col-
lective, and [-1,1] for the roll, pitch, and yaw commands.
RMAC, on the other hand, commands rotor speeds directly
(using multi-rotor coordinates) in radians per second. A con-
trol mixer (Eq. 35) was identified and applied to convert the
inputs of the RMAC models to match those of the identified
models. The rotors are modeled using a 3x4 Peters-He dy-
namic inflow, and are assumed to be rigid. Rotor dynamics
and sensor delay are also not directly included in the RMAC
results, so a lag filter and a time delay were added to RMAC

results to represent their respective effects.


Ω0
Ω1s
Ω1c
Ωd

=


1047 0 0 0

0 −406 0 0
0 0 −381 0
0 0 0 340




δcol
δlat
δlon
δped

 (35)

Hover Dynamics In hover, the symmetric nature of the hexa-
copter decouples the dynamics. The heave dynamics are first-
order, and are represented by Eq. 36, where Zw represents
heave damping, and Mδcol

represents the sensitivity of heave
to collective stick input. The values identified by CIFER and
estimated by RMAC are presented in Table 3. A Bode plot of
the transfer function from collective stick input to heave rate
is given in Fig. 15, which shows that both the magnitude and
phase of the response are well-predicted by RMAC, though
the overprediction of Zw relative to the CIFER model causes
a difference in phase at low frequencies.

ẇ = Zww+Mδcol
δcol (36)

Table 3: Hover heave stability and control derivatives of the
UP Hexacopter

Derivative (Unit) CIFER RMAC
Zw (1/s) -0.338 -0.7313

Zδcol
(m/s2) -39.4 -47.1

The longitudinal dynamics couple the surge velocity with the
pitch attitude and pitch rate, and takes the form of Eq. 37,
and the values of the relevant stability and control derivatives
are tabulated in Table 4. RMAC correctly predicts the mag-
nitude of the derivative Mu, but overpredicts the magnitude of
Mδlon

and the pitch damping, relative to the identified model.
The transfer function from longitudinal stick input to pitch
rate is represented in the Bode plot of Fig. 16. RMAC pre-
dictions capture the changes in magnitude and phase with the
frequency of input well, especially above 4 rad/s.


u̇
q̇
θ̇

=

Xu 0 −g
Mu Mq 0
0 0 1

u
q
θ

+

 0
Mδlon

0

δlon (37)

The lateral dynamics (which take the form of Eq. 38) pre-
dicted by RMAC are identical to the longitudinal dynamics,

Table 4: Hover longitudinal stability and control derivatives
of the UP Hexacopter

Derivative (Unit) CIFER RMAC
Xu (1/s) -0.22 -0.052

Mu (rad/m s) 4.0 2.47
Mq (1/s) 0 -1.95

Mδlon
(rad/s2) 165 250
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due to the symmetry of the aircraft (the difference between
Mδlon

and Lδlat
is due to the mixer). The identified lateral dy-

namics are also similar. The stability and control derivatives
are tabulated in Table 5, and a Bode plot of the transfer func-
tion is given in Fig. 17. As in pitch, RMAC predicts the lateral
dynamics of the hexacopter well.


v̇
ṗ
φ̇

=

Yv 0 g
Lv Lp 0
0 0 1

v
p
φ

+

 0
Lδlat

0

δlat (38)

Table 5: Hover lateral stability and control derivatives of the
UP Hexacopter

Derivative (Unit) CIFER RMAC
Yv (1/s) -0.22 -0.052

Lv (rad/m s) -4.0 -2.47
Lp (1/s) 0 -1.95

Lδlat
(rad/s2) 145 217

Finally, the directional dynamics are described by the first-
order Eq. 39, with stability and control derivatives tabulated
in Table 6. Qualitatively, the fit is excellent for frequencies
above 1 rad/s. The model-following cost (Ref. 35) for each of
the four transfer functions is tabulated in Table 7. Generally,
model-following costs below 100 are considered acceptable,
and costs under 50 are nearly indistinguishable from the true
aircraft response. Aside from the response from longitudinal
stick to pitch rate, all of the hover transfer functions have costs
below 100, suggesting that RMAC produces adequate models
for control design about hover, when motor lag and input de-
lay are included.

ṙ = Nrr+Nδped
δped (39)

Table 6: Hover directional stability and control derivatives of
the UP Hexacopter

Derivative (Unit) CIFER RMAC
Nr (1/s) 0 -0.14

Nδped
(rad/s2) -22.9 12.9

Table 7: Model-Following Cost in Hover

Transfer Function Cost Frequency Range (rad/s)
Heave 68.0 0.6-25

Longitudinal 136.2 5-50
Lateral 90.8 5-50

Directional 45.6 1.5-20

Forward Flight Dynamics In forward flight, the symmetry of
the aircraft is lost, and the longitudinal and lateral dynamics

are no longer identical. Additionally, the longitudinal dynam-
ics couple to the heave dynamics, and the lateral dynamics
couple to the directional dynamics.

The coupled heave-longitudinal dynamics can be described
by Eq. 40, where θ5 represents the pitch attitude (positive
nose-up) in trimmed flight. The predicted and identified sta-
bility derivatives are tabulated in Table 8. The on-axis stabil-
ity derivatives (i.e. Zw for heave and Mu for longitudinal) and
control derivatives (Zδcol

for heave and Mδlon
for longitudinal)

predictions generally agree on sign and magnitude, though
off-axis (i.e. Zu, Mw, and Mδcol

) often do not. One possible
reason is that while acquiring flight data, one axis is perturbed
while leaving the feedback controllers on the other axes com-
pletely unchanged. Despite these differences, RMAC predic-
tions of input-output transfer functions correlate well with the
flight data at high frequency, as shown for heave in Fig. 19
and for pitch in Fig 20.


u̇
ẇ
q̇
θ̇

=


Xu Xw 5sinθ5 −gcosθ5
Zu Zw 5cosθ5 gsinθ5
Mu Mw Mq 0
0 0 1 0




u
w
q
θ


+

 0 0
Zδcol

0
Mδcol

Mδlon

{δcol
δlon

}
(40)

Table 8: Forward Flight longitudinal stability and control
derivatives of the UP Hexacopter

Derivative (Unit) CIFER RMAC
Xu (1/s) -0.30 -0.35
Xw (1/s) 0 0.01
Zu (1/s) 0 -0.44
Zw (1/s) -0.54 -1.22

Mu (rad/ m s) 2.05 1.24
Mw (rad/ m s) -0.31 1.65

Mq (1/s) -0.36 -2.63
Zδcol

(m/s2) -39.5 -43.58
Mδcol

(rad/s2) -5.51 8.84
Mδlon

(rad/s2) 156 201

The coupled lateral and directional dynamics can be described
by Eq. 41, with stability and control derivatives given by Ta-
ble 9. The transfer functions are plotted in Fig. 21 for roll
and lateral stick, and Fig. 22 for yaw rate and pedal input.
Model following costs at 5 m/s forward flight are listed in Ta-
ble 10. Heave and directional dynamics are predicted with a
model-following cost below 100, while longitudinal and lat-
eral dynamics are predicted with costs around 130. Though
improvement in the latter is desirable, RMAC produces rea-
sonable estimates of the dynamics, particularly at high fre-
quency without need for the physical hardware necessary for
system identification.
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v̇
ṗ
ṙ
φ̇

=


Yv −5sinθ5 −5cosθ5 gcosθ5
Lv Lp Lr 0
0 0 Nr 0
0 0 1 −sinθ5




v
p
r
φ


+

 0 0
Lδlat

Lδped

0 Nδped

{ δlat
δped

}
(41)

Table 9: Forward flight lateral stability and control derivatives
of the UP Hexacopter

Derivative (Unit) CIFER RMAC
Yv (1/s) -0.30 -0.20

Lv (rad/ m s) -3.18 -1.81
Lp (1/s) -0.90 -2.62
Lr (1/s) 0 1.02
Nr (1/s) -0.51 -0.14

Lδlat
(rad/s2) 141 174

Lδped
(rad/s2) 0 -6.55

Nδped
(rad/s2) -22.3 10.11

Table 10: Model-following cost RMAC predictions of for the
UP hexacopter at 5 m/s forward speed

Transfer Function Cost Frequency Range (rad/s)
Heave 82.1 5-22
Pitch 139 5-50

Lateral 123 5-34
Directional 56.5 5-20

CONCLUSIONS

A comprehensive analysis code for multicopters has been de-
veloped and presented. It is capable of predicting isolated ro-
tor forces and moments, as well as determining trim on a user-
defined aircraft with a variety of different aerodynamic mod-
els. RMAC analyses of the SUI Endurance rotor has been val-
idated against experimental data and high-fidelity CFD anal-
yses, finding that RMAC results are within 5% of CAMRAD
predictions in hover, and captures loading trends in forward
flight.

RMAC can also produce linearized models that can be used
for control design. On the University of Portland Hexacopter,
RMAC-generated models have been compared to linear mod-
els identified from flight data by CIFER. In hover, the RMAC
models agree very well with flight data along all four axes, and
captures the real system well enough to develop controllers.
In forward flight, RMAC faithfully captures the transfer func-
tions from the control inputs to the heave acceleration and ro-
tational rates, except for heave at low frequency, where there
is a significant deviation, which may be due to an inaccurate
estimation of the off-axis stability and control derivatives from

the flight data. Overall, the RMAC predictions are sufficient
for linear control design, with model-following costs below
100 in hover for heave, roll, and yaw in hover, and costs be-
low 100 for heave and yaw in forward flight.

Author contact: Robert Niemiec niemir2@rpi.edu; Farhan
Gandhi, fgandhi@rpi.edu
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FIGURES

Fig. 1: Aircraft Geometry Definition GUI Fig. 2: Rotor Geometry Definition GUI

Fig. 3: Inertial and body reference frames

Fig. 4: Body and hub reference frames – only a
single rotor is drawn for clarity
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Fig. 5: SUI Endurance rotor geometry (Ref. 32)
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Fig. 6: RMAC predictions for SUI rotor hover thrust, com-
pared to CAMRAD, AcuSolve, OVERFLOW, and experi-
ment
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Fig. 7: RMAC predictions for SUI rotor hover torque, com-
pared to CAMRAD, AcuSolve, OVERFLOW, and experi-
ment
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Fig. 8: RMAC predictions of SUI Rotor rotor forces and moments at 6.1 m/s wind speed versus experiment, nose-level
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Fig. 9: RMAC predictions of SUI Rotor rotor forces and moments at 6.1 m/s wind speed versus experiment, 10 degrees nose-
down
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Fig. 10: RMAC predictions of SUI Rotor rotor forces and moments at 6.1 m/s wind speed versus experiment, 20 degrees
nose-down
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Fig. 11: AeroQuad Cyclone Rotor Geometry (Ref. 15)
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(a) RMAC (b) AcuSolve

Fig. 12: Thrust coefficient distribution predictions for AeroQuad Rotor at 4495 RPM, 10 m/s, and 5◦ nose-down attitude

(a) RMAC (b) AcuSolve

Fig. 13: Torque coefficient distribution predictions for AeroQuad Rotor at 4495 RPM, 10 m/s, and 5◦ nose-down attitude
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Fig. 14: University of Portland Hexacopter
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