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ABSTRACT
A dynamic large eddy simulation (LES) approach is employed to study flow over an oscillating NACA 0018 airfoil
with surging and pitching motions. Surging motion is studied at moderate and large advance ratios of λ=0.5 and 1.0,
and a reduced frequency of k=0.0985. An airfoil at fixed incidence of 8◦ is set in a constant freestream flow at Reynolds
number of ReC=300,000. LES predictions for lift force are compared to experimental results at λ=0.5 and show a good
agreement. LES predictions are also made at λ=1.0 which is at the tipping point of reverse flow regime. With a large
surging amplitude, there is a loss of lift during the retreating phase, and a roll up and ejection of a distinct leading-edge
vortex. Pitching motion is studied at ReC=250,000 and k=0.074 with both mean and amplitude of incidence set to 10◦.
Again, LES predictions for lift force are compared with experiments. Unsteady Reynolds-averaged Navier-Stokes
(URANS) predictions are also made. LES predictions show similar features in the force response as experiments
while URANS lack few prominent features. In all cases, instantaneous flowfield is analyzed at different phases.

INTRODUCTION

Rotorcraft blades often experience unsteady flow conditions
that affect the efficiency and capabilities of the flight. Two
such examples are dynamic stall and reverse flow. In a for-
ward flight, dynamic stall occurs due to cyclic pitching as the
blade rotates along the azimuth. The result is a temporary in-
crease in lift followed by a loss of lift with an increase in drag.
Similarly, a reverse flow region appears in which the geomet-
ric trailing edge becomes the aerodynamic leading edge. With
these phenomena coupled, the velocity of the forward flight
gets limited and the blades experience additional fatigue.

Some of the recent work to understand these flow phenomena
has been done by conducting experiments in a quasi-3D envi-
ronment by subjecting a blade model to cyclic surging and/or
pitching motions. Greenblatt et al. 1 looked into the effects of
fluctuating freestream velocity and cyclic pitching on an air-
foil section through experiments. Granlund et al. 2 considered
the effect of large streamwise oscillations including a reverse
flow regime, for different reduced frequencies, through wa-
ter tunnel experiments. Numerical simulations have also been
used as an effective way to further understand these effects.
Numerical investigations on a quasi-3D model include that of
Visbal 3 and Gross and Wen 4, with a high-order finite dif-
ference based large eddy simulation (LES), and Strangfeld 5,
with unsteady Reynolds-averaged Navier-Stokes (URANS)
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simulations. Hodara et al. 6 investigated a pitching airfoil in
a constant reverse flow (leading to a reserve dynamic stall)
through a joint wind tunnel testing and numerical simulation
based on a hybrid RANS-LES approach. Others have chosen
to study the entire rotor in a forward flight using experimental
testing (Ref. 7) or a RANS or hybrid RANS-LES approach,
e.g., see (Refs. 8, 9).

In this study, a finite element (FE) based LES is used to study
flow over a blade section undergoing surging and pitching mo-
tions. LES is an attractive methodology since it is tractable
from a computational viewpoint as well as sufficiently accu-
rate. On the other hand, URANS-based approach, or even hy-
brid RANS-LES approach, often leads to an inaccurate pre-
diction, especially for complex flow conditions such as dy-
namic stall and reverse flow, while a direct numerical simula-
tion (DNS) is often computationally prohibitive for complex
problems of interest.

Current cases involve turbulent flows with a significant spa-
tial and temporal inhomogeneity and thus, in LES we em-
ploy a dynamic procedure suitable for unstructured meshes
based on a localized version of the variational Germano iden-
tity (VGI) (Refs. 10, 11). Further, the ease with which the
FE method can be applied on unstructured meshes makes it a
useful option for investigating many challenging problems of
interest. Additionally, the adaptive meshing (Refs. 12–14),
high-order (Refs. 15, 16), and parallelization (Refs. 17–19)
capabilities of the FE method can significantly increase the
computational efficiency.

Current LES is based on the experiments of a blade model
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composed of the NACA 0018 airfoil section subjected to un-
steady conditions related to surging and pitching. In a surging
(only) case, airfoil oscillates in the streamwise direction at a
fixed incidence angle, where different sectional advacne ratios
are considered including a value of 1.0 which is at the tipping
point of reserve flow regime. In a pitching (only) case, inci-
dence angle varies cyclically about a mean. A combined case
includes both the surging and pitching motions. In this study,
we consider surging (only) cases at two advance ratios (one
moderate and one large), and a pitching (only) case with a
large variation in incidence angle.

NUMERICAL METHODOLOGY
A dynamic LES methodology is currently employed. It uses a
combined subgrid-scale model which is based on the residual-
based variational multiscale (RBVMS) model along with the
dynamic Smagorinsky eddy-viscosity model (Refs. 10,11,20).
The dynamic procedure is local in nature and is based on a lo-
calized version of the variational Germano identity (Refs. 10,
11). In this procedure, Lagrangian averaging along fluid path-
tubes is applied to make it robust while maintaining the local-
ized nature of the VGI. Further, an arbitrary Lagrangian Eu-
lerian (ALE) description is used to account for the deforming
mesh due to the relative motion of the airfoil (Ref. 21).

Combined Model Formulation

This work uses the incompressible Navier Stokes equations
in the arbitrary Lagrangian Eulerian (ALE) description. The
strong form of the equations is given as

uk,k = 0
ui,t +(u j−um

j )ui, j =−p,i + τ
ν
i j, j + fi

(1)

where ui is the velocity vector, um
i is the mesh velocity vector,

p is the pressure (scaled by the constant density), τν
i j = 2νSi j

is the symmetric (Newtonian) viscous stress tensor (scaled by
the density), ν is the kinematic viscosity, Si j = 0.5(ui, j +u j,i)
is the strain-rate tensor, and fi is the body force vector (per
unit mass). Note that Einstein summation notation is used.
The weak form is stated as follows: find u ∈S and p ∈P
such that

B({wi,q},{ui, p};um
l ) =

∫
Ω

[wi(ui,t +uium
j, j)

+wi, j(−ui(u j−um
j )+ τ

ν
i j− pδi j)

−q,kuk]dΩ

+
∫
Γh

[wi(ui(u j−um
j )− τ

ν
i j + pδi j)n j

+quknk]dΓh

=
∫
Ω

wi fidΩ

(2)

for all w∈W and q∈P . S and P are suitable trial/solution
spaces and W is the test/weight space. w and q are the weight
functions for the velocity and pressure variables, respectively.
Ω is the spatial domain and Γh is the portion of the domain
boundary with Neumann or natural boundary conditions.

The above weak form can be written concisely as: find UUU ∈U
such that

B(WWW ,UUU ;um
l ) = (WWW ,FFF) (3)

for all WWW = [w,q]T ∈ V . UUU = [u, p]T is the vector of unknown
solution variables and FFF = [f,0]T is the source vector. The
solution and weight spaces are: U = {UUU = [u,q]T |u∈S ; p∈
P} and V = {WWW = [w,q]T |w ∈W ;q ∈P}, respectively.

Throughout this text B(·, ·) is used to represent the semi-linear
form that is linear in its first argument and (·, ·) is used to
denote the L2 inner product. B(WWW ,UUU ;um

l ) is split into bilinear
and semi-linear terms as shown below.

B(WWW ,UUU ;um
l ) = B1(WWW ,UUU ;um

l )+B2(WWW ,UUU) = (WWW ,FFF) (4)

where B1(WWW ,UUU ;um
l ) contains the bilinear terms and B2(WWW ,UUU)

consists of the semi-linear terms. These are defined as

B1(WWW ,UUU ;um
l ) =

∫
Ω

[wi(ui,t +uium
j, j)

+wi, j(uium
j + τ

ν
i j− pδi j)−q,kuk]dΩ

+
∫
Γh

[wi(−uium
j − τ

ν
i j + pδi j)n j +quknk]dΓh

(5)

B2(WWW ,UUU) =−
∫
Ω

wi, juiu jdΩ+
∫
Γh

wiuiu jn jdΓh (6)

The Galerkin weak form is obtained by considering the finite-
dimensional or discrete solution spaces S h ⊂S and Ph ⊂
P and the weight space W h ⊂ W , where the superscript
h is used as a mesh parameter to denote discretized spaces
and variables in a finite element context. Using these spaces,
U h = {UUUh = [uh, ph]T |uh ∈S h; ph ∈Ph} and V h = {WWW h =
[wh,qh]T |wh ∈W h;qh ∈Ph} are defined. The Galerkin weak
form is then stated concisely as: find UUUh ∈U h such that

B(WWW h,UUUh) = (WWW h,FFF) (7)

for all WWW h ∈ V h. Note for brevity we have dropped um
l term.

The Galerkin weak formulation corresponds to a method for
direct numerical simulation since no modeling is employed.
However, when the finite-dimensional spaces are incapable of
representing the fine/small scales, the Galerkin formulation
yields an inaccurate solution. A model term is added to over-
come this difficulty, e.g., as done in the residual-based varia-
tional multiscale (RBVMS) formulation.
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In RBVMS, a set of model terms is added to the Galerkin
weak form that results in the following variational formula-
tion: find UUUh ∈U h such that

B(WWW h,UUUh)+Mrbvms(WWW h,UUUh) = (WWW h,FFF) (8)

for all WWW h ∈ V h. Mrbvms represents the set of model terms due
to the RBVMS approach.

A scale separation is used to decompose the solution and
weight spaces as S = S h ⊕S ′ and P = Ph ⊕P ′, and
W = W h⊕W ′, respectively. Thus, the solution and weight
functions are decomposed as ui = uh

i + u′i and p = ph + p′

or UUU = UUUh + UUU ′, and wi = wh
i + w′i and q = qh + q′ or

WWW = WWW h +WWW ′, respectively. Note that coarse-scale or re-
solved quantities are denoted by (·)h and fine-scale or unre-
solved quantities by (·)′. The coarse-scale quantities are re-
solved by the grid whereas the effects of the fine scales on
the coarse scales are modeled. In RBVMS, the fine scales
are modeled as a function of the strong-form residual due
to the coarse-scale solution. This is represented abstractly
as UUU ′ = F (RRR(UUUh);UUUh), where RRR(·) = [RRRm(·),Rc(·)]T is the
strong-form residual of the equations with RRRm(·) (or Rm

i (·))
and Rc(·) as those of the momentum and continuity equations,
respectively. Specifically, the fine-scale quantities are mod-
eled as u′i ≈ −τMRm

i (u
h
k , ph;um

l ) and p′ ≈ −τCRc(uh
k), where

τC and τM are stabilization parameters (e.g., see details in
Tran and Sahni (Refs. 11, 20)). This provides a closure to
the coarse-scale problem as it involves coarse-scale solution
as the only unknown. This is why Mrbvms(WWW h,UUUh) is written
only in terms of the unknown coarse-scale solution UUUh. In
summary, Mrbvms(WWW h,UUUh) can be written as

Mrbvms(WWW h,UUUh) =

∑
e

∫
Ωh

e

[−(wh
i um

j, j +wh
i, ju

m
j )τMRm

i (u
h
k , ph;um

l )︸ ︷︷ ︸
MALE

rbvms(WWW
h,UUUh)

+qh
,iτMRm

i (u
h
k , ph;um

l )︸ ︷︷ ︸
Mcont

rbvms(WWW
h,UUUh)

+wh
i, jτCRc(uh

k)δi j︸ ︷︷ ︸
MP

rbvms(WWW
h,UUUh)

+wh
i, j

(
uh

i τMRm
j (u

h
k , ph;um

l )+ τMRm
i (u

h
k , ph;um

l )u
h
j

)
︸ ︷︷ ︸

MC
rbvms(WWW

h,UUUh)

−wh
i, jτMRm

i (u
h
k , ph;um

l )τMRm
j (u

h
k , ph)︸ ︷︷ ︸

MR
rbvms(WWW

h,UUUh)

]dΩ
h
e

(9)

Note that all model terms are written in terms of the resolved
scales within each element (where e denotes an element and
contributions from all elements are summed). The last model
term is used to represent the Reynolds stresses (i.e., MR

rbvms)
while the two terms prior to it are used to represent the cross-
stress terms (i.e., MC

rbvms).

In previous studies (Refs. 11, 22), it was found that the RB-
VMS model provides a good approximation for the turbulent

dissipation due to the cross stresses but the dissipation due
to the Reynolds stresses is underpredicted and turns out to be
insufficient. Therefore, a combined subgrid-scale model was
employed which uses the RBVMS model for the cross-stress
terms and the dynamic Smagorinsky eddy-viscosity model for
the Reynolds stress terms. This was done in both a finite el-
ement code (Refs. 10, 11) and a spectral code (Ref. 22). The
combined subgrid-scale model is defined as

B(WWW h,UUUh)+Mcomb(WWW h,UUUh;CS,h) = (WWW h,FFF) (10)

where

Mcomb(WWW h,UUUh;CS,h) =MALE
rbvms(WWW

h,UUUh)+Mcont
rbvms(WWW

h,UUUh)

+MP
rbvms(WWW

h,UUUh)+MC
rbvms(WWW

h,UUUh)

+(1− γ)MR
rbvms(WWW

h,UUUh)

+ γMR
smag(WWW

h,UUUh;CS,h)
(11)

MR
smag(WWW

h,UUUh;CS,h) =
∫
Ω

wh
i, j2 (CSh)2|Sh|︸ ︷︷ ︸

νt

Sh
i jdΩ (12)

where νt is the eddy viscosity, |Sh| is the norm of the strain-

rate tensor (i.e., |Sh| =
√

2SSSh : SSSh =
√

2Sh
i jS

h
i j), h is the local

mesh size, and CS is the Smagorinsky parameter. The param-
eter γ is set to be either 0 or 1 in order to control which model
is used for the Reynolds stresses. Note that γ = 0 results in
the original RBVMS model and γ = 1 results in the combined
subgrid-scale model. In the current study, both values of γ re-
sulted in similar predictions (which is expected due to use of a
sufficiently fine mesh in each case as discussed in the next sec-
tion). The Smagorinsky parameter is computed dynamically
in a local fashion as discussed below.

Dynamic Procedure

To dynamically compute the Smagorinsky parameter in a lo-
cal fashion, we follow the localized version of the variational
Germano identity (VGI) developed by Tran et al. (Refs. 10,
11). In this procedure, Lagrangian averaging along fluid path-
tubes is applied to make it robust and which maintains the
localized nature of the VGI. The dynamic local procedure and
the associated approximations are summarized in this section.

Local Variational Germano Identity The VGI involves
comparing the variational form (including the model terms)
between different levels of the discretization such that they
are nested. In the localized version of the VGI, a set of nested
spaces are constructed by using a series of coarser second-
level grids along with the primary or original grid. We refer
to the primary grid as the h-grid and any grid in the series of
second-level grids as the H-level grid. Each H-level grid is
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chosen such that it is associated with an interior node in the
primary grid. This is done such that each H-grid is identical to
the h-grid except that the given node k in the h-grid is coars-
ened or removed resulting in a nested H-level grid for node
k, which we refer to as the Hk-grid. Note that each Hk-grid
involves local coarsening around a given node k while the re-
mainder of the mesh remains the same. This is demonstrated
in 1-D in Figure 1, where ΩHk is the macro element in the
Hk-grid corresponding to node k while ΩPk is the correspond-
ing patch of elements around node k in the h-grid. Note that
k = 1,2, . . . ,nintr, where nintr is the number of interior nodes in
the h-grid. Therefore, there are nintr grids at the H level, each
of which is paired with the primary h-grid. This results in
the following spaces for each interior node, U Hk ⊂U h ⊂U
and V Hk ⊂ V h ⊂ V , for the solution and weight functions,
respectively.

Fig. 1: 1-D schematic of the h- and H-level grids for local
VGI

The local VGI procedure then uses the Hk-grids with the h-
grid to compute the model parameter at every node k in the
h-grid. By setting WWW h = WWW Hk , since V Hk ⊂ V h ⊂ V , we get
(for details see Ref. 11).

Mcomb(WWW Hk ,UUUh;Ck
S,hk)−Mcomb(WWW Hk ,UUUHk ;Ck

S,Hk) =

−(B(WWW Hk ,UUUh)−B(WWW Hk ,UUUHk))
(13)

We recognize that determining UUUHk for each interior node k
involves a grid-level computation or projection (operations
which involve looping over the elements of the Hk-grid). This
is prohibitive and therefore, a surrogate is considered. UUUHk

is approximated within the macro element using a volume-
weighted average of UUUh while outside of the macro element
the solution is assumed to be the same between the two grid
levels. This assumption further bypasses a grid-level com-
putation. This assumption arises from the requirement on the
variational multiscale (VMS) method to provide element-level
localization and the desire to yield nodal exactness at element
corners (Ref. 23). This leads to UUUHk ≈ ŨUU

Hk |
Ω

Hk = AHk(UUUh),
where AHk is the local averaging operator defined below.

AHk( f h) =
1
|ΩPk |

∫
Ωh

e∈Ω
Pk

f hdΩ
h
e (14)

where |ΩPk | is the volume of the local patch and Ωh
e indicates

an element in the h-grid.

This choice is only feasible when the spatial derivatives exist
on the weight function. Furthermore, instead of using ŨUU

Hk

to compute SSSHk , SSSHk is also approximated within the macro

element as S̃SS
Hk |

Ω
Hk ≈ AHk(SSSh). Furthermore, among all of

the terms in Equation (13) not involving the unknown model
parameter, the non-linear convective term is found to be dom-
inating (Refs. 10, 11). We note that this assumption holds ex-
actly in a spectral setting where all the bilinear terms cancel
out between the H- and h-level grids due to the L2 orthogo-
nality of spectral modes (Ref. 24). The local VGI simplifies
to

−(B2(WWW Hk ,UUUh)
Ω

Pk −B2(WWW Hk ,ŨUU
Hk
)

Ω
Hk

Msmag(WWW Hk ,UUUh;Ck
S,hk)Ω

Pk −Msmag(WWW Hk ,ŨUU
Hk ;Ck

S,Hk)Ω
Hk

(15)

Now an appropriate choice for WWW Hk ∈ V Hk must be made. In
a 1D setting, we select WWW Hk = [wHk

i ,0]T with wHk
i such that

it is linear along a spatial direction within the macro element
and is constant or flat outside. Within the macro element, wHk

i
is selected such that

wHk
i, j =

1
N
∏
j=1

(Hk) j

=
1
|ΩHk |

(16)

where (Hk) j is the element length along the jth direction
and |ΩHk | is the volume of the element. Such a choice of
WWW Hk is also feasible in a multi-D setting and on an unstruc-
tured mesh consisting elements of mixed topology, however,
a larger patch must be considered. An extra layer of elements
is needed around the macro element to attain a constant value
in the outside region. This extra layer acts as a buffer region.
This choice is made due to its ease of implementation. For
more details see Refs. 10, 11.

Local VGI Computation At this point we drop the subscript
k in Hk and Pk and superscript k in Ck

S for brevity and only use
it when necessary. The residual of the local VGI is defined as

εi j = Li j−2(CSh)2Mi j (17)

where

Li j =

((
1
|ΩH |

,uh
i uh

j

)
ΩP
−
(

1
|ΩH |

, ũH
i ũH

j

)
ΩH

)
(18)

Mi j =

((
1
|ΩH |

, |Sh|Sh
i j

)
ΩP
−
(

H
h

)2( 1
|ΩH |

, |S̃H |S̃H
i j

)
ΩH

)
(19)
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The least squares method is applied to determine the model
parameter as follows

(CSh)2 =
1
2

Li jMi j

Mi jMi j
(20)

Since the local VGI procedure often leads to negative values
for (CSh)2, an averaging scheme is employed to avoid this
issue. Specifically, Lagrangian averaging is applied (Ref. 25).
To do so, two additional advection-relaxation scalar equations
are solved. These are shown in Equations (21) and (22). The
scalars ILM and IMM in these equations are the Lagrangian-
averaged counterparts of Li jMi j and Mi jMi j, respectively.

ILM,t +(u j−um
j )ILM, j =

1
T
(Li jMi j− ILM) (21)

IMM,t +(u j−um
j )IMM, j =

1
T
(Mi jMi j− IMM) (22)

where T is the timescale over which averaging is applied. Ad-
ditionally, a local volume-weighted averaging is also applied
separately to the numerator and denominator of Equation (20)
as follows

(CSh)2 =
1
2
AH(ILM)

AH(IMM)
(23)

where, as before, AH represents a local averaging operator.
This is equivalent to averaging over local pathtubes (Refs. 10,
11) and maintains the utility of the local VGI.

Problem Setup and Discretization

This work considers oscillatory motion of a NACA 0018 air-
foil. Two different types of cases are considered. In one
type of case, the airfoil undergoes a sinusoidal surging motion
(i.e., in the streamwise direction) at a fixed incidence angle
in a constant freestream flow at a given (mean) chord-based
Reynolds number. Two (sectional) advance ratios are consid-
ered. The other type of case considers an airfoil undergoing
a sinusoidal pitching motion in a constant freestream or at a
fixed Reynolds number.

Reynolds number is defined as ReC =U∞C/ν , where U∞ is the
freestream velocity and C is the chord length of the airfoil. For
the surging cases, mean Reynolds number is 300,000, reduced
frequency is 0.0985 and incidence angle is 8◦. This is selected
to match with the wind tunnel experiments of Ref. 26. The
advance ratio is set to be 0.5 and 1.0, where 0.5 corresponds
to a moderate value that is considered in the experiments and
1.0 falls in the high range and is at the tipping point of the
reverse flow regime. In the pitching case, Reynolds number
is 250,000, reduced frequency is 0.074 and mean incidence
angle is 10◦ with an amplitude of 10◦. Again, this is selected
to match with the wind tunnel experiments of Ref. 27. All
cases are summarized in Table 1.

In LES of the surging cases, displacement of the airfoil is de-
fined as

Table 1: Summary of Cases

Case Motion λ α Rec k
Case 1 Surging 0.5 8◦ 300,000 0.0985
Case 2 Surging 1.0 8◦ 300,000 0.0985
Case 3 Pitching 10◦ ± 10◦ 250,000 0.074

dair f oil = Acos(2π f t) = Acos(2πt/T ) = Acos(2π t̃) (24)

where T = 1/ f is the time period. The variable t̃ is the
fractional part in the oscillation cycle and is defined as t̃ =
{t/T} = t/T −bt/Tc (where b·c is the floor function). The
reduced frequency is defined as k = π fC/U∞.

Fig. 2: Mesh with refinement zones around the airfoil at 10◦

(a similar mesh is used at 8◦)

(a) Leading edge

(b) Trailing edge

Fig. 3: Layered and graded mesh around the airfoil
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The amplitude of is defined as

A =
λc
2k

(25)

where λ is the sectional advance ratio. The relative velocity
is expressed as

U =U∞−Uair f oil =U∞(1+λ sin(2π t̃)) (26)

At t̃=0, or φ=0◦ (phase in oscillation cycle), the airfoil veloc-
ity is zero and thus, the relative velocity is the freestream ve-
locity. The same holds at t̃=0.5 or 180◦. At t̃=0.25 or φ=90◦,
the airfoil is at the maximum relative velocity and at t̃=0.75 or
φ=270◦ at the minimum relative velocity.

Similarly, the incidence angle of the airfoil is defined as

α = αmean +αampsin(φ) = αmean +αampcos(2π t̃) (27)

where αmean is the mean incidence angle and αamp is the am-
plitude of incidence angle variation. At t̃=0 (φ=0◦) and t̃=0.5
(φ=180◦), the airfoil is at the mean incidence angle, while
t̃=0.25 (φ=90◦) and t̃=0.75 (φ=270◦) correspond to the phases
where the airfoil is at the maximum and minimum incidence
angle, respectively.

The computational domain is set to be 100C x 50C x 0.2C. At
the inlet, constant freestream velocity is applied. In surging
cases, the airfoil is moved sinusoidally in the streamwise di-
rection. Similarlly, to create a pitching motion, the airfoil is
rotated sinusoidally about the quarter-chord. No-slip condi-
tion is prescribed on the airfoil surface. Slip condition is set
at the top and bottom surfaces/walls. Side surfaces are im-
posed to be periodic. A natural pressure condition is used at
the outlet. A second-order implicit time integration scheme,
e.g., see (Ref. 11), is employed with about 1,440 steps in an
oscillation cycle.

An unstructured mixed mesh (with hex and wedge elements)
is used. An extrusion with 50 layers is applied in the spanwise
direction. A layered and graded mesh is used around the air-
foil surface, see Figures 3a and 3b. The first layer height is set
to be O(10−5C) and a geometric growth is applied to about
27 layers with a growth rate of 1.2. In each case, mesh is
designed such that near-surface resolution of ∆s+, ∆n+ and
∆z+ (in wall units) along the streamwise, wall-normal and
spanwise directions is set to be below 80, 1 and 50, respec-
tively. Refinement zones are placed around the airfoil to re-
solve the flow structures of interest, see Figure 2 (where re-
finement zones are noted). The mesh is comprised of about
6.4 million nodes and 8.5 million elements in total. The com-
putations were carried out using up to 4,096 cores of the IBM
BlueGene/Q supercomputer available at Rensselaer’s Center
for Computational Innovations (CCI).

RESULTS AND DISCUSSION

In the following, we present LES predictions for the lift force
and flowfield for both surging and pitching cases.

Surging - Force Response

Normalized lift (L/L0, where L0 is the lift of the static airfoil)
is shown in Figure 4. In this figure, LES predictions are com-
pared to the experimental data (Ref. 26) at an advance ratio
of 0.5. LES predictions are also made for an advance ratio
of 1.0. We further note that the LES data is instantaneous
(i.e., taken over a single cycle) and therefore, exhibits fluctu-
ations due to the presence of a turbulent flow over the airfoil;
phase-averaged data from simulations will be considered in
the future. For each advance ratio, LES is carried out for up
to three oscillation cycles and data is presented from the last
cycle.

Overall, there is reasonable agreement between the current
LES predictions and experimental data. A high lift is observed
at t̃=0.25 when the relative velocity is at its maximum (in the
middle the advancing phase) while the lift is about minimum
at t̃=0.75 (in the middle of the retreating phase). The over-
all temporal profile follows a variation that is proportional
to the square of relative velocity (or instantaneous dynamic
pressure). At the advance ratio of 1.0, the lift plateaus and
approaches zero during the middle of the retreating phase.

Surging - Flow Field

In Figure 5, the instantaneous vorticity magnitude is presented
for the case with advance ratio of 0.5 at 4 different phases of
the cycle. Flow is turbulent and is attached for most of the
oscillation cycle. Comparing the flow during the advancing
phase (Figures 5a and 5b) to the flow in the retreating phase
(Figures 5c and 5d), it can be seen that the boundary layer
is thinner with fewer vortical structures in the wake during
the the advancing phase. This is due to the higher instanta-
neous Reynolds number during the advancing phase. How-
ever, when comparing the flowfield at t̃=0.13 with t̃=0.38 or
t̃=0.63 with t̃=0.88, it is not the same despite being at com-
parable instantaneous Reynolds number. When the airfoil has
positive acceleration (i.e., at t̃=0.13 and t̃=0.88) there are less
vortical structures around the airfoil than when it is decelerat-
ing (i.e., at t̃=0.38 and t̃=0.63). Additionally, at phase t̃=0.88
there is marginal separation near the trailing edge over the
pressure or lower side, which is not present at t̃=0.63. The
normalized lift is fairly comparable when comparing these se-
lected phases (see Figure 4).

At the higher advance ratio of 1.0, the flow is turbulent as well
and is attached for most of the oscillation cycle, see Figure 6.
The amplitude of displacement is greater and results in larger
deviation of Reynolds number from the mean. Comparing the
flow at t̃=0.13, see Figures 5a and 6a, the boundary is thinner
at the higher advance ratio, as expected due to the higher in-
stantaneous Reynolds Number. When the airfoil retreats, vor-
ticity accumulates around the airfoil and rolls up into a distinct
vortex near the leading edge over the suction or upper side of
the airfoil, shown in Figure 6c. This leading-edge vortex is
ejected into the outer flow and advects downstream. The flow
on the suction or upper side reattaches as the leading-edge
vortex passes over the airfoil. Flow separation is also present
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Fig. 4: Normalized lift for surging cases at λ=0.5 and 1.0

on the pressure or lower side of the airfoil during the retreating
phase around t̃=0.67.

Pitching - Force Response Coefficient of lift, CL, is shown
in Figure 7. In this figure, LES and URANS predictions
are compared to the phase averaged experimental data at a
mean incidence angle of 10◦ with an amplitude of 10◦. Recall
that this case is also simulated using the unsteady Reynolds
Averaged Navier Stokes (URANS) apporach, in which the
Spalart-Allmaras turbulence model is employed. The LES
and URANS datasets are instantaneous in nature (i.e., taken
over a single cycle) and therefore, exhibits fine-scale fluctua-
tions due to the presence of a turbulent flow over the airfoil;
phase-averaged data from simulations will be considered in
the future. Again, simulations are carried out for up to three
oscillation cycles and data is presented from the last cycle.

Overall, there is a reasonable agreement in the trend of the
force response, however, there seems to be a difference in
fluctuation level as well as phase (i.e., a phase lag is present)
between the experimental data and simulations predictions
(from both LES and URANS). As the airfoil pitches up, lift
increases until the airfoil stalls and is followed by a large fluc-
tuation in the lift due to the shedding of the primary vortex.
This part of the pitching cycle is labeled as part A. Secondary
and tertiary vortices form and shed later in the pitching cycle,
resulting in more fluctuations in the lift. This is clear in the
next three parts B, C and D of the pitching cycle. These three
parts are defined between t̃=0.2 and 0.75 due to the presence
of three local peaks and valleys in the lift force during this
portion of the pitching cycle. The primary flow features such
as flow separation, vortex shedding and flow reattachment are
predicted by LES, though LES predicts a stronger or higher
fluctuation in the lift force in parts A, B and C of the pitch-
ing cycle as compared to the experimental data, while a lower
fluctuation in part D. Further, LES predictions show a phase

lag. URANS predictions match better in part A of the cy-
cle, however, in other parts of the cycle does not capture the
trend in the lift force and misses prominent features. Specif-
ically in part D (between t̃=0.45 and 0.75), the local peak is
lacking in the URANS data as compared to the experimental
data. URANS predictions also show a phase lag. To remove
phase lag in LES and URANS datasets, the simulation data is
shifted such that it matches with the experimental data at the
beginning of the cycle, i.e., at t̃=0 or φ=0◦. Shifted simulation
datasets are compared with the experimental data in Figure 8.
The overall observations are similar in that the LES predic-
tions better capture the prominent features in the lift force re-
sponse.

Pitching - Flow Field The flowfield predicted by LES is
shown in Figure 9 at 8 different phases of the cycle. Over the
cycle, there are large-scale vorticies that are formed and shed.
Figure 9a shows instantaneous vorticity at t̃=0.13 when the
primary vortex is fully formed. Note that the flow is separated
over the entire airfoil (i.e., on the suction or upper side). Once
this vortex advects downstream, a massive flow separation is
present over the airfoil (e.g., see Figure 9b at t̃=0.21). While
the flow is separated, as shown in the force response, (large-
scale) secondary and tertiary vortices form and shed. Figures
9c through 9f show these vortices. As the airfoil pitches down,
the flow begins to reattach over the suction side, e.g., see Fig-
ures 9e and 9f. By t̃=0.63, the flow is completely reattached
on suction or upper side as shown in Figure 9g, while it is still
separated on the pressure or lower side towards the trailing
edge. By t̃=0.71, shown in Figure 9h, the flow is attached on
both sides of the airfoil, which is expected due to low inci-
dence angle.
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(a) t̃=0.13 (b) t̃=0.38

(c) t̃=0.63 (d) t̃=0.88

Fig. 5: Vorticity magnitude for surging case at λ =0.5, maximum value (darkest color) is set to 60U∞/C

(a) t̃=0.13 (b) t̃=0.38

(c) t̃=0.63 (d) t̃=0.88

Fig. 6: Vorticity magnitude for surging case at λ =1.0, maximum value (darkest color) is set to 60U∞/C

CLOSING REMARKS

A dynamic large eddy simulation (LES) based numerical in-
vestigation was carried out for flow over an oscillating airfoil.
Two sets of cases were considered. One set of cases consid-
ered an airfoil with moderate to large streamwise oscillations
while the other considered an airfoil with a large pitching mo-
tion.

For the surging airfoil, the airfoil was subjected to a sinu-
soidal surging motion at a fixed incidence angle in a constant
freestream flow. LES predictions of the lift response at the
moderate advance ratio of λ=0.5 were compared to the wind
tunnel experiments of Strangfeld et al. 26 and showed a good
agreement. Predictions were also made for a surging airfoil
at λ=1.0. The flowfield was analyzed for both cases. For

both advance ratios, it was found that the boundary layer is
thinner and has less vortical structures in the wake during the
advancing phase than in the retreating phase. When the airfoil
retreats, vorticity accumulates around the airfoil and at λ=1.0
a roll up of a distinct leading-edge vortex over the suction side
was observed.

For the pitching airfoil, the airfoil was subjected to a sinu-
soidal pitching motion in a constant freestream flow. The air-
foil was set a mean incidence of 10◦ and an amplitude of 10◦.
In this case, LES and unsteady Reynolds-averaged Navier-
Stokes (URANS) predictions were compared to the experi-
mental data. LES was able to predict the overall trend in
the force response and better captured the prominent features,
whereas the URANS missed several prominent features. A
phase lag was observed in both LES and URANS force data
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Fig. 7: Coefficient of lift for pitching case

Fig. 8: Coefficient of lift for pitching case with a phase shift applied to LES and URANS data

as compared to experimental data. Flowfield was analyzed at
different phases showing formation and shedding of multiple
large-scale vortices over the pitching cycle.
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(a) t̃=0.13 (b) t̃=0.21

(c) t̃=0.29 (d) t̃=0.38

(e) t̃=0.46 (f) t̃=0.54

(g) t̃=0.63 (h) t̃=0.71

Fig. 9: Vorticity magnitude for pitching case, maximum value (darkest color) is set to 60U∞/C
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