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A time-optimal trajectory generation algorithm for quadrotor landing
onto a moving platform
Botao Hu1 and Sandipan Mishra1
Abstract— In this paper, we propose a time-optimal trajectory generation algorithm for landing a 3-DOF (x-z and
tilt) quadrotor model onto a moving platform. The algorithm
exploits the differential flatness of the quadrotor dynamics
model and formulates a nonlinear programming problem,
which is then solved to obtain the time-optimal landing trajectory. The advantages of the proposed algorithm over stateof-the-art solution techniques for time-optimal trajectory design
include computational efficiency and the ability to incorporate
dynamics and state constraints (such as collision avoidance
from an obstacle) into the optimization problem. Simulation
results and comparisons with a benchmark algorithm show the
effectiveness of the proposed method.

I. INTRODUCTION
Of late, small unmanned aerial vehicles (UAVs) such as
quadrotors are being used for many applications such as
aerial imaging, package delivery, and surveillance. As such,
there is now a growing body of literature on a variety of
autonomy problems related to UAVs. [1], [2] present recent
surveys on advances in algorithm design for guidance and
control of UAVs. Designing time-optimal trajectories for
maneuvers are important for several applications, including
package delivery, search-and-rescue problems, and perching/landing as presented in [3], [4]. Landing, in particular,
poses unique challenges for time-optimal trajectory design
because of the stringent safety requirements. Furthermore,
landing on to a moving deck or surface further compounds
this problem. In this paper, we focus on the design of
time-optimal trajectory for landing quadrotors onto moving
platforms.
Given a known trajectory or set of fixed way points, the
time-optimal maneuver problem may be cast as a timeoptimal trajectory following problem or motion planning
problem, which has seen substantial research interest. These
problems for different applications, including robotic arms
and quadrotors, have been studied in [5]–[8].
However, for most UAV (quadrotor) maneuvers, the trajectory (or waypoints) is not typically given a priori. Usually,
the initial state of the quadrotor is known and the final
state is prescribed but may be time varying as presented in
[3], [9]. In this paper, we focus on the problem of timeoptimal trajectory generation for a quadrotor landing onto a
moving and tilting platform. A key challenge is that the timeoptimal trajectory generation algorithm must account for the
terminal state being time-varying (and thus dependent on the
minimum final time).
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For this class of problems, a time-optimal trajectory must
be generated by solving an optimal control problem. Nonlinear programming algorithms such as Genetic Algorithm
[10] and the Switching Time Optimization Algorithm [3]
have been proposed.
In addition to directly solving the optimal control problem,
an interesting approach that uses differential flatness to
address the point-to-point maneuver problem was presented
in [4], [11]–[14]. Although this approach does not directly
deal with the problem of trajectory generation for landing
onto a moving (translating and tilting) platform, it presents
a mechanism to transform the constraints on the system
input onto the constraints on the trajectory by exploiting the
differential flatness of the quadrotor dynamics. This approach
can significantly improve the computational efficiency of
solving the time-optimal point-to-point trajectory generation
problem as well as collision avoidance problems as shown
in [4].
Inspired by this body of previous work, this paper presents
a new trajectory generation algorithm that can generate a
time-optimal trajectory to land a quadrotor onto a translating
and tilting platform. The general idea is to formulate an
optimization problem that exploits the differential flatness
property as in [4]. Unlike the algorithm proposed in [4],
the formulation of the problem and the selection of the
optimization variables presented in this paper expands the
scope of problems that may be solved, as explained below.
Specifically, one major advantage of the proposed algorithm is that it allows for the final desired state to be time
varying, as long as the final desired state can be expressed
as a known explicit function of time (i.e. xd (t) = f (t)).
We demonstrate the applicability of this algorithm for a
quadrotor landing/perching onto a translationally moving and
tilting platform. Furthermore, this algorithm can also easily
incorporate the time-varying obstacle avoidance constraints
into the trajectory generation.
This paper is organized as follows. Section II presents
the system dynamics and the time-optimal landing problem
formulation. Section III develops the differentially flat timeoptimal trajectory generation algorithm, while section IV
presents the results that illustrate the performance of the
algorithm. Section V concludes the paper.
II. 3-DOF Q UADROTOR DYNAMICS M ODEL AND
P ROBLEM F ORMULATION
We first present the 3-DOF system dynamics model for a
quadrotor and formulate the time-optimal landing trajectory
design as a constrained optimization problem.
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Fig. 1. Schematic of the quadrotor and the landing platform. The quadrotor
is modeled with position and pitch angle (x, z, θ ) and has two inputs u1 and
u2 . The platform is modeled with x − z position and pitch angle (xd , zd , θd ).

A. 3-DOF Quadrotor model
The model used in this paper is a two-dimensional three
degrees of freedom (3-DOF) quadrotor model, as presented
in [3] [4] 1 . The state of the system includes the horizontal
position x(t), the vertical height z(t) and the pitch angle
θ (t). xd (t), zd (t), θd (t) denote the horizontal position, vertical
position and pitch angle of a platform that the quadrotor must
land on. Note that the platform state can be time-varying but
must be explicitly written as a function of time t. Fig. 1
shows the quadrotor and platform models. The state of the
quadrotor x and the state of the platform xd can therefore be
defined as:
 


x = x1 x2 x3 x4 x5 = x ẋ z ż θ ∈ R5
(1)
xd = xd ẋd zd żd θd ∈ R5 .
The thrust is Ft and the mass of the quadrotor is m. The
rotation speed is ω. Define the system input u as:
  F 
T
u
u(t) = 1 = m ∈ R2 .
(2)
u2
ω
The dynamics are thus described by the following:
 


ẋ1
x2
 u1 sin(x5 ) 
ẋ2 
 




,
x4
ẋ = ẋ3  = f (x, u) = 


ẋ4 
u1 cos(x5 ) − g
ẋ5
u2

Fig. 2. This is the comparison of trajectory discretization between proposed
method and the Van Loock’s algorithm proposed in [4]. The duration time
for the proposed algorithm is same for each discretized step, while the
amount of distance for each step is different. The Van Loock’s algorithm
adopts an opposite discretize approach.

for each input. This is in order to account for unknown
dynamics and disturbances during operation. Thus, for the
trajectory generation, constraints as u1 ∈ [u1 min , u1 max ], u2 ∈
[u2 min , u2 max ] are used.
B. Problem formulation
Let g(x) characterize the safety measurables, such as
the input or the distance from obstacle, etc. The safety
constraints are enforced by staying within a set G, i.e.,:
g(x) ∈ G = {g|gmin ≤ g(x) ≤ gmax }.

(5)

Let t f be the final (as yet unknown) time, x0 as the initial
state. Denote xd (t f ) as the state of the platform at the final
time. The time-optimal quadrotor landing problem can be
formulated as an optimal control problem. The optimization
variables are the system input (over the landing time horizon)
and the final landing time. The optimal control problem can
be written as (6):

(3)

arg min

J = tf

u(t),t f

s.t

where g is the gravitational acceleration. The input u1 is the
nominal thrust, while the input u2 is the angular rate, both
of which are constrained to a feasible set denoted by U. The
actuator saturation constraints on u1 and u2 can be written
as:
u(t)∈ U =

u1 min ≤ u1 ≤ u1 max






u2 min ≤ u2 ≤ u2 max
(4)
= (u1 , u2 )|
.
U
≤
u
≤
u
≤
U


1 max
1 max 
1 min
1 min



U2 min ≤ u2 min ≤ u2 max ≤ U2 max
The actuation range for u1 is [U1 min ,U1 max ] , while the
actuation range for u2 is [U2 min ,U2 max ]. In order to conservatively design the inputs, we use a smaller range [ui min , ui max ]
1 This model is chosen so as to use the results presented in [3] as a
benchmark comparison.

ẋ = f (x, u)
x(t = 0) = x0
x(t = t f ) = xd (t f )
g(x(t)) ∈ G, ∀t ∈ [0,t f ]
u(t) ∈ U, ∀t ∈ [0,t f ].

(6)

In this paper, we exploit the differentially flat property
of the quadrotor system dynamics and reformulate (6) into
a nonlinear programming problem. The proposed algorithm
discretizes the trajectory into a predetermined number of
equal time-segments (N). The distance along the trajectory,
si , covered in the time-segment ti = ∆t = ts for each step
may vary. This is the key difference from the Van Loock’s
algorithm proposed in [4], where for each segment (i) the
distance along the trajectory, si = s, is same, while the length
of the time-segment ti varies. Fig. 2 illustrates this difference
in the discretization approaches of these two algorithms.
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III. T IME - OPTIMAL TRAJECTORY GENERATION
ALGORITHM USING DIFFERENTIAL FLATNESS

In this section, we develop a time-optimal trajectory generation algorithm using differential flatness. The trajectory
generation algorithm consists of two key steps: transforming
the system dynamics and reformulating the problem into a
nonlinear programming problem. The idea behind this is to
transform the constraints on the system input into constraints
on the system states.
A. System dynamics transformation
In this paper, the system dynamics described by (3) is
differentially flat (A formal proof can be found in [4]). The
flat output is chosen to be (x, z, θ ). The control input u1 and
u2 at time t can be represented in terms the state from the
dynamics equation (3):

 
−1 
ẍ
0
cos(θ ) sin(θ ) 0
u1 (t) = − sin(θ ) cos(θ ) 0 z̈ + g .
u2 (t)
0
0
1
θ̇

3) Optimization constraints: The optimization constraints
may vary for different cases, i.e., collision avoidance, actuator limits, state bounds, etc. Here, we present formulations
of some basic classes of constraints.
1) Discretized system kinematics constraints: based on the
system discretization, the discretized state variable X(k)
must satisfy the following constraints:
  

 
2
xk + ẋk ts + ẍk2ts
0
xk+1
  
 ẋk+1  
ẋ
+
ẍ
t
 0
k
k s

 
2 
 zk+1  − 
z̈
t
k
s
= 0
,

  zk + żk ts + 2 
(11)
 


 żk+1  
0
 żk + z̈k ts 
0
θk+1
θk + θ̇k ts
∀k = 1, 2, · · · , N − 1,



(7)

Remark: Choosing (x, z, θ ) as the flat output simplifies the
constraint on u2 in the optimization problem. The constraint
on u2 can be transformed into a linear constraint of the state
θ̇ , details of which are presented in the following subsection.
B. Optimization problem formulation
1) Cost function: For the optimization problem, the objective function to be minimized is the total time. The cost
function is thus defined same as defined in (6):
min J = t f .

(8)

2) Optimization variables: Although the original system
dynamics for optimization are continuous, for computational
tractability, the system dynamics are discretized into N steps.
The number N is a given constant fixed a priori . A proper
selection of N is a result of trade off between the accuracy
and the computational time necessary for the numerical
solution of the problem. The sampling time ts for each step
can be calculated from the total time:
ts =

tf
.
N −1

(9)

A discretized state variable X(k) will be used to represent
the state variables at k-th sampling time. The elements in
X(k) are denoted as xk , ẋk , · · · , θ̇k :
T

∈ R8×1 .
(10)
The optimization variables thus include the discretized
state variable X(k) for all N steps and the final time t f . The
overall size of the optimization variable is a vector belongs
to R(8N+1)×1 by summing up all the state variables and final
time t f .
X(k) =


xk

ẋk

zk

żk

θk

ẍk

z̈k

θ̇k
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2) System input constraints: based on the differential flatness (7), the constraints on u1 can be represented as:
u1 min ≤ ẍk sin(θk ) + (z̈k + g) cos(θk ) ≤ u1 max
ẍk cos(θk ) − (z̈k + g) sin(θk ) = 0
∀k = 1, 2, · · · , N.
(12)
3) Initial and final state constraints: the initial state and
the final state of the quadrotor should be same as
the given initial state x0 and the platform final state
xd (t f ) respectively. The constraints that enforce these
are represented as:


T
 x0
x1 ẋ1 z1 ż1 θ1 =
(13)
xN ẋN zN żN θN = xd (t f )T
It should be noted that the platform final state xd (t f ) can
be time varying if the platform motion can be explicitly
expressed as a function of total time t f .
4) Collision avoidance constraints: it should be noticed that
the final state constraint (13) does not avoid collision
during the landing process. Therefore, a geometric
constraint is implemented. Fig. 3 shows the relative
position of the quadrotor and the platform. The line CD
is the quadrotor and the line AB is the platform. The
necessary condition that the quadrotor does not collide
with the platform is that the angle θ1 and θ2 in Fig.
3 are positive, which can be represented as the cross
product of two vectors:
#
 "

L cos(θk )
x
−
1
−
x
dk
k
2
~ × CA
~ =
×
CD
≥0
k)
tan(θdk )
− zdk #
zk + L sin(θ
2
"


k)
1
x + L cos(θ
− xdk
2
~
~
CD × CB =
× k L sin(θ
≥0
k)
tan(θdk )
zk − 2 − zdk
, ∀k = 1, 2, · · · , N.
(14)
Given the platform motion can be explicitly defined, the
state of the platform (xdk , zdk , θdk ) can be represented as
a function of the sampling time ts .
5) Bounds on the state variables: for the optimization variable X(k), some elements may be bounded (to enforce
state bounds or input limits, etc.). These bounds on X(k)
are typically linear constraints. Among such bounds: (1)
the total time t f should be positive, (2) the angle of the

L
A

d

quadrotor
B (x, y, θ)

∗

x0
X
Trajectory
xd (tf )
∗
generation u

platform
(xd , yd , θd )
θ2

θ1

u1
Tracking
u
controller 2

Quadrotor X
X

D

C

Fig. 3. Plot shows the collision avoidance constraint. L is the length of the
quadrotor. By constraining θ1 ≥ 0, θ2 ≥ 0 will guarentee no collision with
the platform.

Fig. 4. Block diagram of the overall feedback control structure. In the
trajectory generation phase, the initial state and final state is used to generate
a reference trajectory X(k)∗ . In the tracking control phase, a tracking
controller is used to generate control input u1 and u2 to track the given
reference trajectory. d is the disturbance.

reference trajectory:
quadrotor θk should be bounded by [−2π, 2π] and (3)
the input u2 (k) = θ̇k should be bounded by [u2 min , u2 max ]
for all k = 1, 2, · · · , N. These constraints are written as
0≤
−2π ≤
u2 min ≤

tf
θk
θ̇k
∀k

,
≤ 2π,
≤ u2 max ,
= 1, 2, · · · , N.

(15)

4) Formulate the optimization problem: With the definition for the optimization variables, constraints and cost
functions, a new formulation of the optimization problem
(6) may now be constructed. By stacking the constraints
described previously and denote the constraint function as
g(X(k)), the optimization problem (6) can now be written as
arg min

J = tf

X(k),t f

s.t

gmin ≤ g(X(k),t f ) ≤ gmax
∀k = 1, 2, · · · , N.

(16)

Remark: The optimization problem is modeled using
CasADi [15] and solved with Ipopt [16].
C. Trajectory tracking feedback controller design
In the previous subsections, we have designed a timeoptimal trajectory. The optimal solution is denoted as X ∗ .
Based on the differentially flat property (7), a feedforward
control input u∗1 , u∗2 can be obtained. In theory, u∗1 and u∗2
enables trajectory tracking. However, if there is uncertainty
in the system dynamics, then directly using the control input
from the trajectory will not be effective without a feedback
controller. In this subsection, a feedback controller (with the
feed-forward control inputs u∗1 , u∗2 ) is proposed to track the
generated time-optimal reference trajectory.
Define three linearized controls ux , uz , uθ and use ux , uz , uθ
as system input to represent u1 and u2 . The system dynamics
can be written as
ẍ = u1 sin(θ ) = ux
z̈ = u1 cos(θ ) − g = uz
θ̇ = u2 = uθ

(17)

The system with ux ,uz , uθ as input is linear. A state
feedback controller is designed for ux , uz , uθ to track the

ux
uz
uθ

= ẍ∗ + k p1 (x∗ − x) + k p2 (ẋ∗ − ẋ)
= z̈∗ + k p3 (z∗ − z) + k p4 (ż∗ − ż)
= θ̇ ∗ + k p5 (θ ∗ − θ )

(18)

k p1 , k p2 , k p3 , k p4 and k p4 are positive feedback gains. The
system input u1 can be therefore calculated from ux , uz based
on (17). Therefore, the controller input can be obtained as:
u1
u2
u1

= ux sin(θ ) + (uz + g) cos(θ )
= uθ
∈ [U1 min ,U1 max ], u2 ∈ [U2 min ,U2 max ]

(19)

By proper selection of the gains, it is possible to achieve
relatively good tracking performance.
IV. S IMULATION RESULTS
We now present simulation results of trajectory generation
for a quadrotor onto a translationally moving and tilting
platform. We also present a benchmark comparison with the
algorithm described in [3] for several stationary point-topoint maneuvers. For all the simulation results, the input
constraints on u1 , u2 are assumed to be as same as those
enforced in the benchmark algorithm [3]:




2
u1 min u1 max  = 1 20 m/s

 u2 min u2 max  = −10 10
 rad/s
(20)
2
U
U
0.5
25
=
1 max 
 1 min

m/s
U2 min U2 max = −15 15 rad/s
All the simulations are performed on an Ubuntu computer
with an Intel i7 processor and 16 GB RAM. The algorithm
codes are written in Matlab except the simulation of the
benchmark comparison which code is written by Python.
A. Benchmark comparison for the trajectory generation algorithm
In this subsection, we compare the time to perform
maneuver for the proposed trajectory generation algorithm
with benchmark results in [3]. We first perform a series of
simulations to pick the best value for the number of trajectory
segments to maneuver to (xd , zd , θd ) = (15, 0, 0). The time to
performance maneuver t f is then compared with the result
t ∗f from [3] to obtain the deviation. The deviation is defined
as
t f − t ∗f
(21)
deviation = k ∗ k × 100%
tf
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This subsection shows the landing of a quadrotor onto a
platform that is pitching and moving away. The initial position of the quadrotor is (x0 , z0 , θ0 ) = (0, 5, 0) and the initial
horizontal distance is from the quadrotor to the platform is
5 meters. The platform motion is defined as:

 

xd (t) zd (t) θd (t) = 5 + t 0 −0.3t
(22)

benchmark
result
(s)
0.650
1.083
1.300
0.890
1.223
1.478
1.694
1.885
1.400

0.6

Fig. 6. Trajectory of a quadrotor landing onto a moving platform. The
platform is moving away at a constant speed and tilting at a constant speed
of 0.3 rad/s. The black line shows the trajectory of the center of the quadrotor
and the colored line shows the position and the orientation of the quadrotor
every 50 milliseconds.

B. Landing onto a tilting and moving away platform

TABLE I
C OST FUNCTION ( TIME TO PERFORM MANEUVER , t f ) COMPARISONS
WITH THE BENCHMARK ALGORITHM IN [3]

0.4

2

Fig. 5 shows the trade-off between the number of segmentation and the accuracy of the solution obtained. It can be
seen that with the increasing resolution of discretization,
the computational time increases, while the accuracy of the
solution increases. Based on this trade-off, we pick N = 201
for all the following simulations.
Next, we compare the time to performance maneuver
for 9 cases with the benchmark result in Table. I. The
deviations are within ±1% from the benchmark result. The
computational time for all cases is less than 1 second. In
comparison, the computational time for the benchmark result
is on the magnitude of hours [13]. Thus, we claim that
this algorithm is computationally efficient and can maintain
relatively high accuracy.

0.2

6

Time (s)

control input u 1 (m/s2 )

Fig. 5.
Plot illustrating the trade off between the accuracy and the
computational time. As the number of segments (N) becomes larger, the
deviation from the optimal solution obtained in [3] decreases but the
computational time increases.

desired terminal
position
(m, m, rad)
(0,1,0)
(0,3,0)
(0,5,2π)
(3,0,0)
(6,0,0)
(9,0,0)
(12,0,0)
(15,0,0)
(5,5,0)

2
4
x position (m)

control input u (rad/s)

computational time (s)

50

Time optimal maneuver

0.5

Time (s)

1

1.5

Fig. 7. Plot of the input u1 and u2 for the maneuver shown in Fig. 6. It
can be seen that u1 and u2 switched several times.

Fig. 6 shows the quadrotor maneuver trajectory obtained
from the trajectory generation algorithm. The optimal time
to land found to be 1.437 seconds. Fig. 7 shows the corresponding input u1 and u2 from the optimal solution.
C. Time-optimal maneuver with obstacle avoidance
In this subsection, we demonstrate the performance of the
algorithm when the desired terminal position is (xd , zd , θd ) =
(5, 0, 0) while avoiding an obstacle. The obstacle is defined
as a circle centered at (2.5,0.75) with a radius of 0.75 meters.
Further, we assume that the center of the quadrotor should be
at least 1.25 meters away from the center of the obstacle. In
this case, additional geometric constraints on the trajectory
are added to the trajectory generation problem (16):
(xk − 2.5)2 + (zk − .75)2 − 1.252 ≥ 0, ∀k = 1, 2, · · · , N (23)
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Fig. 8. Plot of quadrotor trajectory for a maneuver that avoids an obstacle,
while reaching a fixed position (5,0,0) in a time-optimal manner. The black
line is the trajectory of the center of the quadrotor, while the dashed blue
line is the obstacle. The colored line shows the quadrotor position and
orientation. The quadrotor position is plotted every 70 milliseconds.

Fig. 8 shows the maneuver of the quadrotor. It can be seen
that the quadrotor’s actual maneuver can avoid collision with
the obstacle.
D. Time-optimal maneuver under disturbance
In this subsection, the quadrotor tracks the reference
trajectory shown in Fig. 6. We choose the ”true” mass of the
quadrotor to be 25% larger than the nominal mass, which
leads to less acceleration under the same amount of nominal
input u1 according to (2). Fig. 9 shows the trajectories under
feedback controller and the open loop controller. From the
result, the closed loop controller is able to track the reference
trajectory closely while the open loop controller is unable to
track the trajectory well.
V. C ONCLUSIONS AND FUTURE WORK
In this paper, a time-optimal trajectory generation algorithm for a quadrotor is proposed. By discretizing the
system dynamics with a fixed sampling time and applying
the differential flatness property of the system dynamics, a
standard time-optimal trajectory generation problem is transformed into a nonlinear programming problem. Simulation
results and comparison with benchmark algorithm show the
effectiveness of the proposed method.
In our future work, we plan to implement the trajectory
generation algorithm in a real experimental setup. This
method is also promising to be applied for other differentially
flat systems, such as car parking problem and the robotic arm
motion planning problem.
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