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Abstract. This paper presents the aeroelastic stability analysis of a quad-rotor wind turbine
and identifies modes with low damping that are otherwise not present on a single-rotor wind
turbine. The non-linear dynamics of a wind turbine model in SIMPACK, without considering
wind shear and tower shadow, is linearized around a steady-state; followed by MBC
transformation resulting in LTI model. Standard eigenvalue analysis of LTI model is carried out
to capture the natural frequency and damping of a quad-rotor wind turbine as a function of wind
speed. Results show that several modes with low damping (besides the low damping modes
observed on a single-rotor wind turbines) are identified where the damping ratio is less than 1%
over the entire operation range.
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1. Introduction

Aeroelastic stability analysis of wind turbines during the design stage is necessary to identify any natural modes
with low damping and introduce design modification or devise strategies to ensure adequate damping margins
over the operating regime. This becomes increasingly significant as the wind turbines scale up in size for capacity.
Consequently, stability analysis of Horizontal Axis Wind Turbines (HAWT) is not new and numerous research
papers are available dedicated to the stability analysis of such systems [1-9].

Conversely, few modal analyses of multi-rotor wind turbines are available; among the few, [10] presents a method
to analyse the modal dynamics of multi-rotor wind turbines and demonstrates the capability of the method on a
three-rotor configuration supported on a single tower; the same authors present a follow up work [11] where the
aerodynamic loads are considered in the stability analysis of a tri-rotor wind turbine. Furthermore, [12] presents a
modal analysis of a quad-rotor wind turbine. The published work so far on Eigen analyses of multi-rotor wind
turbines focuses mainly on evaluating the natural frequency and the associated mode shapes. To the authors’
knowledge, there is only one study published that specifically deals with the stability analysis of multi-rotor wind
turbines including the aerodynamic loads.

Stability analysis is usually performed by linearizing a non-linear time variant dynamic system around a steady-
state point resulting in Linear Time Invariant (LTI) or (in the case of wind turbines) Linear Time Periodic (LTP)
system. The equation of motion of wind turbine rotors is in rotating system, which in general are periodic in nature
due to wind shear, tower shadow, and/or gravity. First, Multi-Blade Coordinate (MBC) [13] transformation is used
to write all the states of a wind turbine in the fixed frame. The periodicity of the system is generally weaker after
MBC transformation [4-6]. Thereafter, two approaches can be used to study the stability of the resulting system,
namely: (i) the constant coefficient method, where the system matrices are averaged around the azimuth and an
eigen-analysis is performed on the resulting LTI system. (ii) direct application of Floquet theory [7,8,9].

This paper builds on the previous work [12] and presents a method for stability analysis of quad-rotor wind turbine.
The non-linear model of a 6MW quad-rotor wind turbine is linearized around a quasi-steady point; followed by
MBC transformation of the LTP system yielding LTI model. Standard eigenvalue analysis is employed to capture
the natural frequency and damping of a quad-rotor wind turbine.

2. Model Description

The quad-rotor wind turbine is modelled using the multi-body simulation (MBS) software SIMAPCK [13] coupled
with the NREL aerodynamics software AerodynV15 [14] to calculate the blade aerodynamic loads. SIMPACK is
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an MBS software that employs both rigid and flexible elements to analyse nonlinear response of multi-body
systems. Figure la shows the SIMPACK model for the quad-rotor wind turbine. It consists of four WindPact
1.5MW clock wise spinning rotors [15]. The blades, booms, and the tower are modelled as flexible bodies, whose
deformations are represented as elastic modes. The remaining wind turbine components (nacelle, hub, yaw-
bearings, etc..) are modelled as rigid bodies. Figure 1b shows the structural layout and dimensions of the tower-
boom assembly for the quad-rotor wind turbine. The tower is 136.75m high with four 36.75m long booms attached
in Double-T configuration with the top and bottom booms separated by 73.5m.
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Fig. 1a: quad-rotor wind turbine model in SIMPACK. Fig. 1b: Dimensions of the Tower-Boom model

The tower is a hollow cylinder made of steel with Young’s modulus of 2.1 x 10'* N/m? and mass density of 8100

kg/m?3. The bottom 70% of the tower consists of a constant outer diameter of 4.3m and tapers linearly to 3.7m at

the tower top. The elastic deformation of the tower is modelled using mode shapes corresponding to the first two
Fore-Aft (FA) and Side-Side (SS) modes together with the first Torsion (TR) mode.

Table 1.Gross Properties of Quad-Rotor wind turbine.

Parameters Quad-Rotor Single-Rotor
Rating 4x1.5MW 6MW
Control Variable Speed, Collective Pitch Variable Speed, Collective Pitch
Rotor, Hub Diameter 70m, 3.5m 140m, 7.0m
Hub Height (top rotors)136.75m / (bottom rotors)63.25m 100m
Rated Wind Speed 11.4m/s 11.4m/s
Rated Rotor Speed 21.8rpm 10.9rpm
Rated Tip Speed 80 m/s 80 m/s
Overhang, Shaft Tilt, Precone 3.3m, 0, 2.5 5.5m, 0, 2.5°

The upper portion of the tower of a GE 1.5MW turbine is used as the boom for the individual rotors of the quad-
rotor turbine. The booms are 0.5(1 +6,,,,)D long, where D is the rotor diameter and &, is the minimum rotor
separation distance, set to 5% of rotor diameter in the current model [16]. The booms are of the same material as
the tower and are modelled as linearly tapered cylinders with the maximum diameter of 3.4m realized at the
intersection between the booms and the tower (see Figure 1b) and a minimum diameter of 2.6m. Furthermore, an
adapter at the boom tip is attached to support the rotor-nacelle assembly. The elastic deformation of the booms is
modelled using linear combination of the boom’s first Fore-Aft (FA) and Up-Down (UD) mode shapes together
with the first Torsion (TR) mode. The FA and UD mode shapes describe respectively the out-of-plane and in-
plane deformation of the booms, with ‘in-plane’ defined as the plane containing the tower-boom assembly. The
elastic deformation of the blades is modelled using linear combination of the first two flap modes and the first lag
mode, with the blades assumed to be torsionally rigid. The foundation is modelled using clamped boundary
condition. The salient properties of the quad-rotor wind turbine, together with a single-rotor with equivalent
machine rating, are summarized in Table 1.



3. Aeroelastic stability analysis of Quad-Rotor wind turbines

The linearization of the wind turbine model is carried out at an equilibrium point for given operational parameters
(e.g., mean wind speed, rotor speed) to capture the nonlinearities of the system. The current model considers quasi-
steady rotor aerodynamics and as such the equation of motion for the quad-rotor wind turbine model may be
written as:

X=f(Xxu) ®
where the vector u represents the input vector that contains the operational parameters (wind speed, wind shear,
tower shadow, etc...) and X is N x 1 state vector containing degrees of freedom both in fixed and rotating frame,
such that:

t
x={% {d @ a& - q o o}, ~ {d & & - & & &}, @

where Xsisan F x 1 vector representing the F degrees of freedom in the fixed frame. The degrees of freedom in
the rotating frame are given by {q'j}» with subscript j denoting the three blades of rotor b (4 rotors in total) and
superscript i referring to the i degrees of freedom of blade j, with the total number of degrees of freedom per
blade denoted by J. The velocity and acceleration of the state vector are respectively given by X and X. The right-
hand side in equation 1 contains the non-linear mass, stiffness, gyroscopic damping, and the quasi-steady
aerodynamic forces (that depend on blade position and velocity) of the system.

Stability of the wind turbine model is evaluated by linearizing equation 1 around the steady-state point (KO,XO).
The present work excludes the effect of wind shear and tower shadow and as such the only source of periodic load
in the system is due to gravity which, in the case of identical blades, can be eliminated by employing MBC
transformation to define all degrees of freedom in fixed frame. Furthermore, the linearization implemented in this
paper is carried out in modal-space where perturbation of the state vector (at steady-state) is expressed in terms of
a linear combination of mode-shapes, such that:
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Where 2 is the rotor speed, z is M x 1 vector containing the degrees of freedom in modal space (modal
coordinates), and @ is N x M matrix of mode-shapes, with N degrees of freedom of the model (K) represented
by M number of mode-shapes. Furthermore, T is a block diagonal matrix that maps degrees of freedom from fixed
frame to rotating frame, while 9T is the first derivative of T with respect to the rotor speed. Detailed description
on implementing MBC transformation in the present framework is given in [12]. The mode-shapes are obtained
from an eigenvalue analysis of the quad-rotor wind turbine without considering aerodynamic loads. Using equation
3, the nonlinear dynamics of a wind turbine model, given by equation 1, are numerically linearized using central
finite difference scheme with the linearized model (in modal space) given by:
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where A is a linear time invariant system matrix of the wind turbine model at a given steady-state and operational
point, taking the form:
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with the stiffness term (including both structural and aerodynamic stiffness) given by:
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where 92T is the second derivative of T with respect to the rotor speed. Likewise, the system’s damping matrix
(including both the gyroscopic and aerodynamic damping term) is given by:
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The standard eigenvalue analysis method can directly be used on the LTI system matrix (see equation 5) to extract
the complex eigenvalues (4,,) and thereby evaluating the natural frequency and damping ratio of the quad-rotor
wind turbine model; with the natural frequency and damping ratio given, respectively, by:
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In order to determine the stability of a quad-rotor wind turbine, it is required to linearize the wind turbine model
at different wind speeds between cut-in and cut-out. During the linearization of the model (at a given wind speed),
the blade pitch angle and rotor speed are fixed. Therefore, the steady-state power, blade pitch angle and rotor speed
of a quad-rotor wind turbine as a function of wind speed, shown in Fig. 2, is employed during the linearization
process. The vertical axis on the left side of Fig.2 shows the rotor speed (RPM) and blade pitch angle (deg), while
the right vertical axis presents the generated power (MW) for a WindPact 1.5MW rotor. Furthermore, Fig. 2 shows
that, before the rated wind speed, the turbine is generator controlled (variable rotor speed) and pitch controlled
after rated wind speed (constant rotor speed).
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Figure 2. Power, pitch and rotor speed as a function of wind speed for WindPact 1.5MW rotor.

Finally, a mode comparison method is used to determine how the individual modes vary with changing wind speed.
Mode clustering by ordering (from low to high) the natural frequencies for different wind speeds is not effective
since the natural frequency of some modes tend to cross each other with changing wind speeds. An effective
method for mode clustering (MACXP), proposed by [18], is employed here since it is proven to be effective in
mode clustering of aeroelastic systems [11,19].

4. Verification of the proposed method

The linearization method described earlier is verified by comparing the frequency and damping ratios of the NREL
5MW machine with results from [6]. Details of the NREL 5MW model used for aeroelastic stability analysis is
given in [6]. Figure 3 shows the damping ratio versus inflow wind speed of the NREL 5MW machine, with the
solid lines obtained using the present formulation and the dashed lines from [6]. The damping ratios are divided
into two categories: low damping (< 10%) and high damping (>30%).
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Figure 3. Comparison of damping ratio for NREL 5MW machine. The solid lines are obtained using the present
formulation and the dashed lines are from [6].

Figure 3 shows that the present method is able to capture fairly well the trend in the damping ratios giving good
confidence that the proposed method is appropriate in analysing the aeroelastic stability of a quad-rotor wind
turbine. Particularly, the low damping results from the present methods match quite will with the results from [6]
and with the proposed method yielding an overall conservative damping ratio result compared to [6]. The
frequency results have also been verified and compare well with frequency results from [6] (results not included
in the paper).

5. Quad-Rotor Wind Turbine Aeroelastic Stability

Stability analysis of a wind turbine starts first with modal analysis of the system spinning in vacuum; since the
modal frequencies together with the associated mode-shapes provide insight into the system’s dynamics and help
identify dominant modes. The non-linear time varying dynamic model of the model is linearized at various hub-
height wind speeds ranging between 5m/s and 25 m/s with an increment of 2m/s; representing the cut-in and cut-
out wind speeds of the WindPact 1.5MW machines mounted on the quad-rotor support structure shown in Fig. 1.
The wind turbine model is linearized at each wind speed using the operational points given in Fig. 2 and
considering gravity while neglecting wind shear and tower shadow.

Figure 4. Mode-shapes corresponding to the natural frequency curves shown with black lines in Fig. 6. From left
to right: Tower 1%t SS, Tower 2™ SS, Boom Coll UD, Boom Diff UD



Figure 5 shows the natural frequency (left) and damping ratio (right) of a quad-rotor wind turbine as a function of
wind speed, with each rotor corresponding to that on the WindPact 1.5MW turbine. The different modes shown in
Fig. 5 are colour coded such that: the modes given by different shades of black correspond to modes-shapes
comprised solely of support-structure (tower and booms) constrained to in-plane motion (in-plane implying rotor
plane) as shown in Fig. 4; the modes given by different shades of blue correspond to mode-shapes comprised
solely of support-structure (tower and booms) constrained to out-of-plane motion as shown in Fig. 6; the modes
given by different shades of green correspond to mode-shapes consisting of a combination of boom and rotor
modes; the modes given by different shades of red correspond to mode-shapes consisting solely of rotor modes.
Stability results for modes shaped with higher natural frequency are omitted from analysis as these mode-shapes
are unlikely to be excited by aerodynamic load and there is no indication of any self-excitation in the system.
Particularly, the rotor lag modes (collective, regressive and progressive) all have high natural frequency that they
do not interact with the dominant rotor excitation frequencies (1P and 3P) in addition of being sufficiently well
damped. Furthermore, Fig. 6 shows in dashed line the 1P and 3P excitation frequency as a function of wind speed;
with the 1P and 3P excitation frequency increasing linearly with wind speed until rated speed and remain constant
after rated wind speed (following pitch regulated wind turbine control strategy).
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Figure 5. Variation of damped natural frequencies and damping ratios with mean wind speed for mode shapes
that include tower side-side mode.

Looking at Fig. 5, the modes comprised of purely rotor modes (red curves) are highly damped, with damping ratio
ranging between 10-70%. Furthermore, the natural frequency curves of the modes shown in red tends to change
with wind speed due to mainly of centrifugal stiffening. Particularly, the natural frequency decreases roughly
linearly for wind speeds less than the rated speed and diverge into two opposing curves at rated wind speed.
Additionally, after 19m/s, the natural frequency of all rotor modes tends to exhibit similar gradient in the frequency
curve. The sudden change in natural frequency at the rated wind speed is due to change in control strategy: from
generator controlled to pitch controlled power regulation. similarly, the damping ratio of these modes seems to
vary linearly up to rated speed, drop slightly and remain constant up to 19m/s and increase roughly linearly
afterwards. Similarly, the modes comprised of a combination boom fore-aft and rotor flap modes (shown in green)
also show high damping, with damping ratio in 10-70% range. Furthermore, Fig. 5 shows that the 3P excitation,
which is the dominant aerodynamic excitation to the support structure (tower and booms), intersects several natural
frequency curves of the system (dashed lines circled in red).

The mode-shapes confined to in-plane motion (see Fig. 4) may be of concern as they have low damping (see left
window in Fig. 5). This is further examined in Fig. 7 where the natural frequency and damping ratio of the mode-
shapes shown in Fig. 4 are isolated. Additionally, the dashed line in Fig. 7 represents the natural frequency and
damping of an equivalent 6MW single-rotor wind turbine’s 1% tower side-side mode. Figure 7 shows that three
modes (Tower 1% SS, Tower 2" SS, Boom Coll UD) are identified with low damping where the damping ratio is
less than 1% over the entire operation range and the Boom Diff UD mode (see Fig. 4) is slightly more damped,
with the damping ratio between 1-2.5% below rated and in the 1-1.5% range after rated speed. Furthermore, Fig.



7 shows that the natural frequencies of these modes do not change with wind speed while the trend in the damping
ratio changing abruptly after the rated wind speed. This change in damping ratio is due to change in turbine
operation; where, before rated speed, the power is regulated by the generator torque and blade pitch after rated
wind speed (see Fig. 2). Additionally, the trend in damping ratio of the 2™ side-side tower and collective up-down
booms (see Fig. 7) seem to follow closely one another. Finally, the pre-rated trend in damping ratio of the 1% side-
side tower mode in seen to be opposite to the remaining modes shown in Fig. 7, with the damping ratio of remaining
three modes decreasing with increasing wind speed.

Figure 6. Mode-shapes corresponding to the natural frequency curves shown with blue lines in Fig. 6. From left
to right: Tower 15t FA, Tower 1%t TR, Tower 2" FA, Boom TR & FA

Fig. 7 also shows that the quad-rotor 1% side-side tower mode is slightly more damped than the single rotor
counterpart. Moreover, the results seem to indicate that the post rated damping of the 15 tower side-side mode of
the quad-rotor wind turbine seems to increase more with wind speed than for the single-rotor counterpart.
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Figure 7. Variation of damped natural frequencies and damping ratios with mean wind speed for mode shapes
that include tower fore-aft mode.

After the lowest damped modes shown in Fig. 7, the tower 1%t and 2" fore-aft, 1%t torsion and combination of boom
torsion & fore-aft modes are seen to be well damped. This is shown in Fig. 8, where the natural frequency and
damping ratio of mode-shapes consisting of out-of-plane tower and boom modes (see Fig. 6) are shown separately.
Furthermore, the dashed line in Fig. 8 represents the 1% fore-aft tower mode of the single-rotor wind turbine with
equivalent machine rating (see Table 1 for the salient properties). These are seen to be well damped, with the
critical damping ratio generally varying between 6-15% across the operational range. The natural frequencies of
the 1% fore-aft and torsion tower modes do not change with wind speed. However, the 2™ fore-aft tower mode and
the boom torsion & fore-aft mode vary slightly with wind speed, most likely due to gyroscopic effect. The damping



ratio for the 1% fore-aft tower mode is lower for the quad-rotor wind turbine compared to the single-rotor
counterpart. This is most likely due to the larger aerodynamic damping relative to the rotor plus tower inertia for
the single-rotor machine compared to the quad-rotor wind turbine. Furthermore, the corresponding damping (see
the right window in Fig. 8) shows a linear increase in the damping ratio with wind speed up to the rated speed then
continually drops in the post rated region, following the same thrust vs wind speed trend in pitch-controlled wind
turbines. The damping ratio of the 1% torsion and 2" fore-aft tower modes follow similar trend, especially for
before rated wind speeds.

 — 17

16 |
0.9 15 +
0.8 147
Boom TR&FA |
oom
T0.7| e 12
z —_
> M S
g D.GHMA—TDWET 2nd FA 210]
Z e 9
] 0.5} o
r £
ko] [=%
8.0.4- £ 7,
']
g R: Tower 1t FAS 67 /
003! 5
........................................ Tower 1** TR 4}
0.2 o - 3l
— «—Tower 15t FA
0.1 2r
1!
5 7 9 11 13 15 17 19 21 23 25 5 7 9 M 13 15 17 19 21 23 25
Wind Speed (m/s) Wind Speed (m/s)

Figure 8. Variation of damped natural frequencies and damping ratios with mean wind speed for mode shapes
that include tower fore-aft mode.

For the quad-rotor wind turbine, the total damping has contribution both from the top and bottom rotors. Figure 9
shows the breakup of the top and bottom rotor contributions to damping in the 1%t & 2" fore-aft and 1% torsion
mode. In Fig. 9, the red bars represent the case where all the rotors are active, i.e., generate aerodynamic load. The
green bars represent active top rotors only, and the blue bars represent active bottom rotors only. It is evident from
the figure that, in the case of 1% fore-aft and 1% torsion tower modes, the dominant contributor to aerodynamic
damping are the top rotors, while the bottom rotors contribute mostly to the aerodynamic damping in the case of
the 2" fore-aft tower mode. This is to be expected since the bottom rotors have the highest fore-aft velocity when
the quad-rotor support structure is exited in the 2" fore-aft mode resulting in higher aerodynamic damping. Lastly,
although the natural frequencies of the modes in Fig. 9 are excited by the 1P and 3P blade passing frequency (see
Fig. 6), this is not a matter of concern since these modes are sufficiently damped.

6. Conclusions

This paper presents the aeroelastic stability analysis of a quad-rotor wind turbine (comprised of 4 rotors arranged
in double T-format on a single tower) and identifies the damped natural frequencies and the corresponding
damping ratios. First, an aeroelastic analysis of the wind turbine model for a range mean wind speeds excluding
atmospheric boundary layer and tower shadow is run until a quasi-steady state is reached; followed by the
linearization of the plant around the steady-state resulting in linear time periodic system. MBC transformation is
applied to write the states in the fixed frame resulting in linear time invariant system followed by standard
eigenvalue analysis to determine the natural frequency and damping ratio of the quad-rotor wind turbine for a
range of wind speeds between cut-in and cut-out. The resulting natural frequency and damping ratio of the system
are analysed in detail and the following conclusions on the stability of a quad-rotor wind turbine are reached:

e Several support structure (tower and booms) dominated modes (Tower 1% side-side, Tower 2" side-side,
Boom collective up-down) are identified with low damping where the damping ratio is less than 1% over
the entire operation range and the next support structure mode which is slightly more damped is the boom
differential up-down mode, with the damping ratio between 1-2.5% below rated and in the 1-1.5% range
after rated speed.



The 3P excitation, which is the dominant aerodynamic excitation load of the support structure, intersects
with several modes of the wind turbine. Particularly, the mode-shapes confined to in-plane motion (Tower
1% side-side, Tower 2™ side-side, Boom collective up-down) may be of concern as they have low damping
(less than 1%).

Following the lowest damped modes, the tower 1t and 2" fore-aft, 1% torsion and combination of boom
torsion and fore-aft modes are seen to be well damped, with the critical damping ratio generally varying
between 6-15% across the operational range.

For the quad-rotor wind turbine, the total damping has contribution both from the top and bottom rotors,
where in the case of the 2" fore-aft tower mode, the bottom rotors are the dominant contributors while
the top rotors are dominant contributors for the damping of the 1% fore-aft and 1% torsion tower modes.
This is to be expected since the bottom rotors have the largest fore-aft velocity when the quad-rotor
support structure is excited in 2™ fore-aft mode resulting in higher aerodynamic damping.

The modes comprised of purely rotor modes are highly damped, with damping ratio in 10-70% range.
Similarly, the modes comprised of boom fore-aft and rotor flap modes also show high damping, with
damping ratio in 10-70% range.
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Figure 9. Sensitivity of damping ratio of select tower modes as a function of the active (aerodynamic) rotors.
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